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Blocks & Units Introduction

The present SLM on Linear Model & Design of Experiment consists of nine units

with three blocks.

The Block - 1 — Linear Estimation and Analysis of Variance, is the first block, which

is divided into three units.

The Unit - 1 — Linear Model and BLUE, is the first unit of present self-learning
material, which describes Linear Estimation- estimable functions, estimations and error space,
Best linear unbiased estimate (BLUE), Markov theorem distribution of quadratic form,

Estimable linear hypotheses generalized F and T tests.

In Unit — 2 — Analysis of Variance- I, the main emphasis on the Analysis of Variance
: one-way and two-way classification with equal number of observation per cell and analysis
with missing observations.

In Unit — 3 — Analysis of Variance- 11, we have focussed mainly on Analysis of
Variance: one-way and two-way classification with unequal number of observations per cell,
analysis with missing observations, Tukey’s test general two-way classification, Analyses of
covariance.

The Block - 2 —Design of Experiment is the second block with three units.

In Unit — 4 — Basic Designs, is being introduced the Terminology and basic Principles of
Design, CRD, RBD and LSD, analysis with missing observations.

In Unit — 5 — Factorial Experiments is discussed with 23 , 2", 32 and 3* factorial
experiments with its analysis.

In Unit — 6 — Confounding has been introduced, Orthogonality, Complete and Partial
confounding, construction of confounded factorial experiments.

The Block - 3 — Advance Theory of Design of Experiment has three units.

Unit — 7 — BIBD and PBIBD dealt with Balanced Incomplete Block Design (BIBD),
Partially Balanced Incomplete Block Design (PBIBD), construction of BIBD and PBIBD,
association schemes and construction, resolvable and affine resolvable design.

Unit — 8 — Split and Strip Plot Design, comprises the Intra block and inter block
analysis, Split Plot Design, Strip Plot Design.

In Unit — 9 — Other Advance Design, we have discussed the Dual and linked block

design, Lattice Designs, Cross-over designs, optimal designs- optimal criteria, robust



parameter design, response surface design — orthogonality, rotatability and blocking, weighing
designs, mixture experiments
At the end of every block/unit the summary, self-assessment questions and further

readings are given.
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Block & Units Introduction

The Block - 1 — Linear Estimation and Analysis of Variance, is the first block of said
SLM, which is divided into three units.

The Unit - 1 — Linear Model and BLUE, is the first unit of present self-learning
material, which describes Linear Estimation- estimable functions, estimations and error space,
Best Linear Unbiased Estimate (BLUE), Markov theorem distribution of quadratic form,
Estimable linear hypotheses generalized F and T tests.

In Unit — 2 — Analysis of Variance- I, the main emphasis on the Analysis of Variance:
one-way and two-way classification with equal number of observations per cell and analysis
with missing observations.

In Unit — 3 — Analysis of Variance- 11, we have focussed mainly on Analysis of
Variance: one-way and two-way classification with unequal number of observations per cell,
analysis with missing observations, Tukey’s test general two-way classification, Analyses of
covariance.

At the end of every unit the summary, self-assessment questions and further readings
are given.



UNIT-1 LINEAR MODEL AND BLUE

Structure

1.1 Introduction
1.2 Obijectives
1.3 Linear Model
1.3.1 Least Square Estimation
1.3.1.1  Properties of ordinary Least Square Estimation
1.3.2  General case of k variables
1.3.3  Best Linear Unbiased Estimator (BLUE)
1.4 Gauss Markov Theorem
1.5 Estimable Functions
1.5.1 Some Properties of Estimable Function
1.5.2  Estimation Space and Error Space
1.6 Gauss — Markov Theorem for Quadratic Form
1.7 General Linear Hypothesis Testing
1.7.1  Estimation under Null Hypothesis
1.8 Self-Assessment Exercise
1.9 Summary
1.10  References
1.11  Further Reading

1.1 Introduction

Regression analysis is designed for situations where a researcher thinks that a variable
is related to one or more other measurements made, usually on the same object. A purpose of
the analysis is to use data (observed values of the variables) to estimate the form of this
relationship. An example would be to use information on income and the number of years of
formal schooling (beyond the sixth grade) to estimate the extent to which a person’s annual
income is related to his/her years of schooling. One possibility is that for a person with zero
years beyond sixth grade, a researcher would anticipate an income of a rupee. For each year of
schooling beyond sixth grade, a person has the researcher would expect that his/her income
would be larger by b rupees. Thus, for a person with x years of schooling beyond sixth grade,

the researcher would expect an annual income of a + bx rupees. When we say that the researcher



would expect an annual income of a + bx rupees, we refer to the average income of all people
that have had x years of school beyond sixth grade. If y denotes income and x denotes years of
schooling beyond sixth grade, we write E(y) for expected income. This leads to the relationship
E(y) =a+bx 1)

The attempted description of how we think one variable is related to another variable
is an example of what is called model building. The model here that a person’s income is
expected to be a + bx where x is his/her number of years of schooling beyond sixth grade is a
linear model because we envisage E(y) as being a linear combination of the unknowns a and

b. These unknowns are called parameters.

1.2 Objectives

After going through this unit, you should be able to:

e Understand the basic concepts of linear estimations about the model building, various
properties, estimable functions etc.,

e Obtain the Best Linear Unbiased Estimator (BLUE) for the full-rank model,

e Use Markov theorem distribution of quadratic form,

e Test the general hypotheses of linear estimation using generalized F and t tests.

1.3 Linear Model

A model is termed as linear if it is linear in terms of parameters i.e., if the partial
derivative of y with respect to each of the parameter by, b, ....b, are independent of the
parameters. Linearity of the model is not described by the linearity of the explanatory variable:

Example:
1. y = b;x? + by /x; + b y/(logx;) + e is a linear model because %(i =1,2,3) are
independent of by, b,, bs
2. y = b? + byx, + bxs + e is a nonlinear model because S—byl = 2byx;
If in general f is chosen as:
f(x1, X3 v e Xgey by, e e br) = bixy + byxy + o oo oo F by

to describe a linear model. The aim of statistical linear modelling is to determine by, b, ... ... by

given by the observation ony and x4, x5 ... ..... Xp.



Consider a simple linear regression model
yi =a+bx; +e¢; @)

Where y; is dependent or study variable and x; is termed as the independent or
explanatory variable. The term a and b are the parameter or regression coefficient of the
model. The parameter a is termed as intercept term and b is termed as the slope parameter. e;
is the error term which is identically and independently distributed random variable with mean
zero and constant variance o?.

The term e; represents the extent to which an observed yi differs from its expected
value, i.e., e; = y; — (a + bx;). The characteristics of ¢;; s are:
a. The expected value of e; are zero, i.e., E(e;) =0
b. The variance of e; is a2 for all i, i.e., V(e;) = E[e; - E(e;)]? = o2
c. The covariance between any pairs of e; is zero, i.e., Cov(e;e;) = E[{(e; — E(e;)}{(ej —

E(e)}] =0, foralli+j

1.3.1 Least Square Estimation

There are several well-recognized methods that can be used for estimating a and b. A
frequently used method is known as least squares. Least-squares estimation involves
minimizing the sum of the squares of the deviations of the observed yi’s from their expected
values.

Suppose a sample of n sets of paired observations (x;,y;) (i = 1,2....n) is available.
These observations are assumed to satisfy the simple linear regression model, and so we can
write

yvi=a+bx;+e (i=12....1n)
The principle of least squares estimates the parameters a and b by minimizing the error sum
of square.
a) When error is vertical difference, then method is known as Direct Regression
b) When error is horizontal difference, then method is known as Reverse Regression
¢) When error is perpendicular distance, then method is known as Orthogonal Regression.
Generally, the direct regression approach estimates are referred as the least square estimates

or ordinary least squares estimates.

Direct Regression Method



Assuming that a set of n paired observations on (x;,y;) (i = 1,2 ....n)are available
which satisfy the linear regression model. So, we can write the model for each observation as:
yi=a+bx;+e (i=12....n)

Using the direct regression approach minimizing the error sum of the square we get:
SSE = ¥, 6f = X (yi —a — bx;)? 3)
Now taking the partial derivatives of (3) with respect to a is:
80SSE/6a = -2Y1,(y; —a — bx;)
And the partial derivative of SSE with respect to ; is
8SSE/Sb = —-2Y" (y; —a — bx)) x;
The solution of a and b are obtained by setting §SSE /5a = 0 and 6SSE /6b = 0

The solution of these two equations is called the direct regression estimators, or usually called

as the Ordinary Least Square (OLS) Estimators of a and b.

This gives the ordinary least square estimates a of a and b of b as:

a=y-—bx
~ S
b= (xy)
S(xx)

Where,
S(XY) = Z?:1(351' - f)(yi - }7) ) S(xy) = 2?:1(751' — f)z,

X = 1/2{1=1Xi :}_’: 1/2?=1Yi .

1.3.1.1 Properties of Ordinary Least Square Estimators

1. Unbiased Property
E(a) = E(y — bx)

= E(a + bx — bx)
=a+ bx — xE(D)

=a



E(b)=b

4 and b are unbiased estimators of a, b respectively.

2. Variance
~ 62
var(b) =
S(xx)

var (@) = var(y — bx)
= var(y,) + FU(B) — 2xcov(b,y)

2y
== +—%0%+0

n S(xx)

1 2
i)
n S(xx)

2
var(a) = S? ) *% ¥ x?
XX

3. Covariance

cov(@,b) = cov(y — b) — xvar(b)

4. Residual Sum of Square (RSS)
SS(res) = Z?:l(y_l - 5/\1)2

= Y. (yi —a — bx)?

=Y (i — ¥ +bx — bx;)?

=Yl =) — b(x; — ©)?]

=2 (i =¥+ b2 X[ —X)*=2b X (g — X)) —F)
= S(yy) = b*S(xx) = 2b*S(xn)

= Siyy) — sz(xx)

Sa)\”
=Sy ~ <S(xx)) Se)

2
S (xy)
S(xx)

= Siyy) —



= Styy) = bS(ay)

— — 1
Where S(yyy = XiL1(vi =245 =~ Zie1 v

n

Estimation of ¢?

The estimator of o2 is obtained from the residual sum of squares as follows. Assuming
that y; is normally distributed, it follows that SS;..s) has a x* distribution with (n — 2) degree
of freedom, so:

=)y (n - 2)
Thus, using the result about the expectation of a chi-square random variable, we have:
E(SS(res) = (n — 2)0?
Thus, an unbiased estimator of o2 is:

s2 = SS(res)
n-2

1.3.2 General Case of k Variables

The linear model equation is represented as
y=Xb+ewith E(y) =Xb

thus, for k variables

1 Xq1 v xlk bO

1 x21 ...... ka bl
X =|: i e b —

1 Xyp e xNk bk

and y and e defined as above are unchanged
as we know that E(e) = 0 and var(e) = E[e — E(e)][e — E(e)]' = E(ee’) = o?Iy
by the method of least square estimation
ee=[y—EWIly—E®] = —Xb)'(y - Xb)
=y'y—2b'X'y+b'X'Xb
To obtain the estimator b, that value of b that minimizes e’e ,we must differentiate ¢’e

with respect to the elements of b and setting the result equal to zero.



2ED) = —2X'y + X'Xb =0

—2X'y+X'Xb=0
X'Xb=X'y (4)
The equation (4) is known as the normal equations. Provided (X'X)~1 exists, they have
a unique solution for b
b=XX)"'Xy (5)
When X'X is nonsingular (of full rank) the unique solution of (4) can be written as (5).
When X'X is singular, the solution will take the form:
b=GX'y (6)

Where G is a generalized inverse of X'X. This solution is not unique because
generalized inverses are not unique.
By the nature of X, X'X is square of order k + 1 with elements that are sums of square

and products and X'y is the vector of sums of products of the observed x's and y's. As a result,

we have:
N
i=1Yi
N
, Yi=1Xi1Yi
Xy = .
N
[ Y i=1 Xik Vi
r N x.1 X2 e x. k
N 2 N N
x.1 i=1%i1 Diz1 Xi1Xjp e D=1 Xi1 Xik
N N .2 N
X'X = X2 Xis1XiXi2 i=1Xiz ot 2i=1Xi1Xik
N N 2
(XK Yisi X Xig  Qimq XipXig vttt i=1Xik

Method of Estimation

In obtaining the least-square estimator, we shall assume a model of the formy = Xb +
e where X has full column rank, E(y) = Xb, and E(e) = 0. To obtain an alternative to the least-
square estimator, we shall assume that b is a random variable with a known mean and

covariance matrix.



1. Ordinary Least Square Estimation
This involve choosing b as the value of b which minimizes the sum of squares of
observations from their expected values,
YiLilyi —EO))? = (v — Xb)'(y — Xb)
The resulting estimator is as we have seen:

b=XX)"'Xy

2. Generalized Least Squares
This is also called weighted least squares. Assume that the variance covariance matrix of e
is var(e) =V. Now minimize = (y — Xb)'V~1(y — Xb) with respect to b. The resulting
estimator is:
h=XV1X)"1Xx'Vly
When it is assumed that the components of var(e) are equal and uncorrelated, that is, V =
021, the generalized or weighted least estimators reduced to the ordinary least-square

estimators.

1.3.3 Best Linear Unbiased Estimator (BLUE)

When the least square estimator is the linear unbiased estimator of the parameters of a
regression that has minimum variance, then it is called as Best Linear Unbiased Estimator
(BLUE).

For any row vector t" with the same number of columns as there are rows of b ,the
scalar t'b is a linear function of the elements of the vector of parameters b.
The three characteristics of the estimator under study are linearity, unbiasedness, and being

the best estimator (the one with the smallest variance).

i) Linearity: The estimator is to be a linear function of the observations y. Let this estimator
be A'y where A’ is a row vector of order N. We shall show that A is uniquely determined by

the other two characteristics of the estimator.

i) Unbiasedness: The estimator A’y is to be unbiased for t 'b. Therefore, we must have that
E(A'y) = t'b. However, E (A'y) = A" Xb so that A’ Xb =t ' b. Since this must be true for
all b, we have that:

AMX =t 7



iii) A best estimator: Here, “best” means that in the class of linear, unbiased estimators of

t'b, the best is the one that has minimum variance. This is the criterion for deriving .

1.4 Gauss — Markov Theorem

Assume that for the linear model:
y=Xb+e,
var(e) = V. Then the best linear unbiased estimator of t'b is:
t'h=t' X'V X)XV ly
Proof:
Since var(e) —V,var(y) =V.
Thenvar(A'y) = A" VA
We must minimize this quantity with respect to the constraint (A’X = t’) in (7). To do this,
we use the method of Lagrange multipliers. Using 26 as a vector of Lagrange multipliers, we
therefore minimize:
w=AVA-20"(X'A—1t)
with respect to the elements of A'and 6'. We differentiate w with respect to 6., set it equal to
zero and get (7). Differentiation of w with respect to A gives:
VA=X0or A=V"19
Since V1 exists. Substitution in (7) givest' =A'X =0'X' V"X andso 8’ =t'(X' V~1x) !
Hence,
N=0XVl=¢XV1iX)1x' V-1 (8)
The BLUE of t'b is:
th=t'X'VIX)"1Xx' v1ly
We have shown that the BLUE is weighted or generalized least square estimators. Its variance
isvar(t'b) = t'(X'V1X)"t
Since (8) is the sole solution to the problem of minimizing var(A’y) = A'VA Subject to
constraint (7), the BLUE A’y of t'b is the unique estimator of t'b having the properties of
linearity, unbiasedness, and “bestness”—minimum variance of all linear unbiased estimators.
thus, the BLUE of t'b is unique A’y for A’ as given in (8).

1.5 Estimable Functions




A linear function of the parameters is defined as estimable if it is identically equal to
some linear function of the expected value of the vector of observations. This means that q'b
is estimable if ¢'b = t'E (y) for some vector t'. In other words, if a vector t’ exists such that,
t'E(y) = q'bthen ¢'bis said to be estimable. Note that in no way is there any sense of

uniqueness about t'. It simply has to exist.

151 Some Properties of Estimable Functions

1) The Expected Value of Any Observation is Estimable

The definition of an estimable function is that ¢'b is estimable if g'b = t'E(y) for some
vector t'.Consider a t" which has one element unity and the others zero. Then, t'E(y) will
be estimable. It is an element of E(y) the expected value of an observation. Hence, the

expected value of any observation is estimable.

i) Linear Combinations of Estimable Functions are Estimable

Every estimable function is a linear combination of the elements of E(y).This is also true
about a linear combination of estimable functions. Thus, a linear combination of estimable
functions is also estimable. More formally, if q;band g;band are estimable, there exists a
t;and at; such that gq;b = t;E(y) and q;b = t;,E(y) Hence, a linear combination c;q1b +
c,q3b = (cit1 + c,t;)E(y)and so it is estimable.

iii) The Forms of an Estimable Function
If g'bis estimable using its definition, we have that for some vector t'
qb=tE(y) =t'E(Xb) =t'Xb (1)
Since estimability is a concept that does not depend on the value of b, the result in
equation (1) must be true for all b.

Therefore, q' = t'X for some vector t’' (2)

iv) Invariance to the Solution b’
When q'b is estimable, g'b° is invariant to whatever solution of the normal equations
X'Xb° = X'y is used for by. If q'b is estimable, then g'b°has the same value for all solutions

b, to the normal equations.

Example CO”Slder the mOdEI Vi = b1 + bz + e,y = b1 + b3 + (=5) and V3 = b1 + bz + €3.



Solution: Consider a linear function a, b, + a,b, + asbs is such that its expectation is ¢, b, +
q2b, + q3bs identically. Then
E(aiby + azb; + asbs) = ai(by + by) + ay(by + b3) + az(by + by)

= (a; + a, + az)by + (a, + a3)b, + a,bs

And if this = Y:?_, q;b;,we have:
1 =0y ta; +asq; =a; +asqs =a;
And therefore, a; = a, + as
Conversely if a; = a, + a;
q1b1 + q2b2 + q3bs = (q1 + q3)b1 + q2b; + q3bs

= q2(by + by) + bs(by + by)

= q:E(y1) + GzE(y2)

And hence there exists a function q,y, + g3y, Whose expectation is Y3, q;b; or q;b; is

estimable.

15.2 Estimation Space and Error Space

The space generated by the column vector of X is called the estimation space of X and

is denoted by V(xl,xz ..xp) = Vp, obviously V;, © R, (because ,p < k)

T = (Ty, ... ..... T)'belongs to V,,,if it is linear combination of x;s i.e., if
T =Y"_, 6;x, for some real 81,6; ............0,
Thus, Vp = 01%1 + -+ oo cee . +0,%,(01 v v B, € RY

Clearly, n € V, .Rank of estimation space is the number of independent vectors
among X, Xy ... ... Xp
The vector space E that is orthogonal to the vector space V,, is called the error

space. Thus if y is any vectorin E, y'x; = 0 forVj = 1....p

Example: E(y) = byl + b; x where X = (xq,x5 ....x,)" . Here X = (1 x) .
Estimation space V, =7 =0;1+406,x|0,,0, € R; € R™ and contains the point n = by1 +

b, x. The error space is space which is orthogonal to V,i.e., E = {a:a’'l = 0,a’x = 0}.



1.6 Gauss — Markov Theorem for Quadratic Form

The best linear unbiased estimator of the estimable function q'b is q'b°; that is,
q'b = q'b° 3)

where by the “hat” notation we mean “BLUE of”.

Proof:

Form the property of linearity, unbiasedness, and “bestness” (having minimum variance).
Since q'b° is a linear function of the observation, because q'b° = q'GX'y
And q'b? is an unbiased estimator of q'b because
E(q'b°) = q'E(b°) = q¢'GX'Xb = t'XGX'Xb =t'Xb = q'b (4)
In establishing equation (4), we invoke:
q'b° =d'U'GX'y = d'U'GUAY?Sy = d’A\V/?A~Y/2Sy = d'Sy
and, when G is a generalized inverse of X'X then
X = XGX'X which also implies X'XGX (5)
Alternatively, when the singular value decomposition of X = S’AY/2U’ then

X'X = UAU and (X'’X)* = UA"LU’
and for any generalized inverse of X'X, U'(X'X)~U = A~'and therefore:

X'X)* = UU'(X'X)~UU’

Thus, E(q'b°) = ¢'E(b°) = q'GX'Xb = d'U'GUAU'b = d’A"*AU'b = d'U’'b = q'b

To demonstrate that g'b° is a best estimator, we need its variance. We then show that the
variance of any other linear unbiased estimator of q'b is larger. We have that:
v(q'bh°) = q'GX'XG' qo?

=q'GX'XG'Xto?
= q'GX'to?

= q'Gqo? (6)



Using the equation (5), we now show that q’b° has the minimum variance among all the linear
unbiased estimators q'b and hence is the best. Suppose that K’y is unbiased,E (K'y) = q'b so
k'X = q'. Therefore:

cov(q'b% k'y) = cov(q'GX'y, k'y) = q¢'GX'ko? = q'Gqo?

Consequently,
v(q'b® —k'y) = v(q'b°) + v(k'y) — 2cov(q'b® k'y)
=v(k'y) — q'Gqo®
=v(k'y) —v(qg'b%) >0 (1)

Since v(q'b° — k'y) is positive, from equation (7), v(k'y) exceeds v(gq'b°). Thus q'b°
has a smaller variance that any other linear unbiased estimator of q’b and hence is the best.

If q'b is an estimable function, its BLUE is q’b° with variance q'Ggo?. This is so for
any solution h° to the normal equations using any generalized inverse G . Both the estimator
and its variance are invariant to the choice of G and b°.

Similarly, the covariance between the BLUES of two estimable functions
cov(q1b°, q;b°) = q1Gq,0°
Hence, if Q'b° represent the BLUEs of several estimable functions, the variance

covariance matrix of these BLUE’s is var(Q'bh°) = Q'GQo?

1.7 General Linear Hypothesis

In testing of linear hypothesis, four hypotheses of particular interest are:
(i) H:b =0, the hypothesis that all of the elements of b are zero;
(if) H: b = bo, the hypothesis that bi = bio fori =1, 2,..., k, that is, that each b;j is equal to some
specified value bio;
(iii) H: 2" b = m, that some linear combination of the elements of b equals a specified constant;

(iv) H: bq = 0, that some of b;’s, q of them where q <k is zero.

To conduct these hypotheses, we need certain assumptions:
1) When x~N(y, V), the quadratic forms x’Ax and x’'Bx are distributed independently if and
only if AVB = 0 (or equivalently BVA = 0)



2) The matrix A'A is positive definite when A has full-row rank is positive-semi-definite
otherwise

All of the linear hypothesis above and others are special cases of a general procedure
even though the calculation of the F-statistics may appear to differ from one hypothesis to
another.

In general hypothesis we consider is:

H:K'b=m

Where, b ,is the (k + 1) order vector of parameters of the model, K’ is any matrix of s
rows and k+1 columns and m is a vector of order s of specified constants. K’ must be full row
rank i.e., 7(K") = s means that the linear functions of b must be linearly independent. The
hypothesis being tested must be made up of linearly independent functions of b and must
contain no functions that are linear functions of others therein.
We now develop the F-statistic to test the hypothesis H: K' b =m.
We know that:

y~N(Xb,021),b = (X'X)"'X'y and b~N[(X'X)1c?]
Therefore,
K'b —m~N[K'b — m,K'(X'X)"1Ko?]
By the Assumption 1), the quadratic form:
Q = (K'b—m)[K'(X'X)"'K]"*(K'b — m)
In = (K'5 — m) with matrix [K""¥)”" K]~ has a non-central y?-distribution. We have that:

KiB—my "X K1 (k1B —m)
202

} 1)

Q
;~X2'{5»

We now show the independence of Q and SSE using Assumption 1), we first express
Q and SSE as quadratic forms of the same normally distributed random variable. We note that

the inverse of K'(X'X) 1K exists because K’ has full row rank and X'X is symmetric.

Now, in (1), we replace b with (X’X)~'X'y. Then (1) for Q becomes:
Q= (K'UDTXy —m) [K' XK K KXK'y —m)
The matrix K’ has full-column rank. Assumption 2), K'K is positive definite. Thus K'K~exists.

Therefore,



(K'X'X)'X'y —m) = K'(X'X) X[y — XK(K'K)"'m]
As aresult, Q may be written:
Q =[y—XK(K'K)"'m]' X'(X'X)"'K[K'(X'X) K] K'(X'X)"1X'[y — XK(K'K)~'m]
The next step is to get the quadratic form for SSE into a similar form as Q:
SSE =y'[I = X(X'X)™1X']y

Since, X'[I — X(X'X)"1X'1 = 0and [I — X(X'X)"1X']X = 0,we may write
SSE = [y — XK(K'K)"'m]'[I = X(X'X)"'X'][y — XK(K'K)™'m]

We have expressed both Q and SSE as quadratic forms in the normally distributed
vector y — XK(K'K)~'m. Also, the matrices for Q and SSE are both idempotent, so we again
verify that they have y2-distribution. More importantly, the product of the matrices for Q and

SSE are null. We have that:
[[—XX'X)X] X' (X' X)) K[K'(X'X) K] K (X' X)~1X'

Therefore, by assumption 1) Q and SSE are distributed independently. This gives us the
F-distribution needed to test the hypothesis H: K'b = m. We have that:

Q/ Q
FH) = e ts—— = 2
(H) S fIn—r(0]

(Krb—m)/[K' (x'x) K]~ (Kib—m)
202

~F'(s,N —r(X),

(2
Under the null hypothesis H: K'b = mF (H)~F s y_r(x)), Hence, F (H) provides a test

of the null hypothesis is H: K'b = m and the F-statistics for testing this hypothesis is:

Q _ (Krb—m)I[K’ (X’X)_l K]~ (Krb-m)

sa? so?

F(H) =

@)
With s, and N-r degree of freedom.

The generality of this result merits emphasis. It applies for any linear hypothesis K'b =
m,The only limitation is that K’ has full-row rank. Other than this F (H)can be used to test any
linear hypothesis whatever. No matter what the hypothesis is, it only has to be written in the
form K'b = m,. Then, F(H)of equation (3) provides the test. Having once solved the normal
equations for the model y = Xb + e and so obtained(X'X)~%, b = (X'X)"'X'yand o2 the
testing of H: K'b = m can be achieved by immediate application of F(H).



1.7.1 Estimation under the Null Hypothesis

By the least square method b, is derived so as to minimize (y — Xb,) (y — Xb,)
subject to the constraint K'b = m
With 26’ as a vector of Lagrange multipliers, we minimize:
L= (y—-Xb.) (y — Xb,) + 26'(Kb, — m)
With respect to the elements of b, and 6’.Differentiation with respect to these elements

leads to the equations:

X'Xb,+ KO =Xy (4)
K'b,=m
From these two equations:
b, = (X'X)"'(X'y —K0) = b — (X'X)"'K® (5)
And K'b, = K'b—K'(X'X)"'K6 = m
Hence, 8 = [K'(X'X) K] (Kb, — m) (6)

Thus, the constrained least-square estimator

be=b— (X'X)T'K[K'(X'X)"*K]~* (Kb, — m) (7)
We have estimated b under the null hypothesis H:K'b = m. We now show that the
corresponding residual sum of squares is SSE+Q where Q is the numerator sum of squares of
the F — Statistic used in equation (3), F(H). We consider the residual:

(v = Xbe) (v = Xbe) = |y = Xb + X(b = B)] [y = Xb + X(B - b))
= (y - xb) (v — Xb) + (b — b,) x'(y — Xb) + (v — xb) x(b -
) + (b~ 5) x'x(b - )
= (y — Xb)'(y — xb) + (b — b.) x'x(b — b,) €)

Since, {x'(y — Xb) = X'y —X'X(X'X)"'X'y = 0}

Substituting the constrained least-square estimator equation (7) into equation (8), we get:

(y — xb,) (v — Xb,) = SSE + (Kb, —

m)'[K'(X'X)-lK]—lK'(X’X)-lx'x(x'x)—lK[K’(X’X)-IK]—l(KEC - m)’



= SSE + (Kb, — m)'[K'(X'X)"*K] Y (Kb, — m) 9)
=SSE +Q

In deriving the constrained least-square estimator, we used an exact constraint K'b = m.

Four Common Hypothesis

1) First consider H: b = 0 . The test of this hypothesis has already been considered in the
analysis of variance tables. However, it illustrates the reduction of F(H) to the F-statistic
of the analysis of variance tables. To apply F(H) we need to specify K'and m for the
equation K'b = m. To apply F (H)we need to specify K' and m. We have that K' = I,s =
k+1and m = 0.Thus, [K'(X'X) K]~ becomes X'X. Then, as before,

bx'Xb _ SSR I

F(H) =

(k+1)02 r  SSE
Under the null hypothesis F(R)~F y—y Wherer = k +1

The corresponding value of b, = b — (X'X) " [(X'X)"1]"'h = 0

if) We now consider H: b = by,thatis b; = by for all i. Rewriting b = b, as K'b = m gives:
K'=I,s=k+1m=byand [K'(X'X)"1K]™! = X'X. Thus,

_ (B-bo)x"x(d—by)
F(H) = (k+1)a2

(10)

Under the null hypothesis is:
Ec =b— [(X'X)_l]_l(B - bo) = by
iii) Now, consider H:A'b = m . in this case, we have K' = A',s = 1 and m = m. Since A" is
a vector,

_ Wh-m) W) Wh-m)  (Wb-m)”
F(H) = P - }\I(XIX)—l}LEi

Under the null hypothesis,F (H) has the F; y_,-distribution.

_ b-m)
Hence, / F(H) = SO tiv—r)



This is as one would expect because A'b is normally distributed with variance A’(X'X) 1A
For this hypothesis, the value of b, is
be =b—X'X) AN X' X)TIAIX(M'b —m)

(A'b-m)

— ryy—1
=b A (X'X)"1A (X X) A

Observe that:

Nb, =Xb—NX'X)TIAN X' X)T AT (Vb —m)
=7\’B—(7\’I3—m) =m

Thus, b, satisfies the null hypothesis H:A'b = m

Note: At this point, it is appropriate to comment on the lack of emphasis being given to the t-
test in hypothesis testing. The equivalence of t-statistics with F-statistics with one degree of
freedom in the numerator makes it unnecessary to consider t-tests. Whenever a t-test might be
proposed, the hypothesis to be tested can be put in the form H: A’ b = m and the F-statistic F(H)
derived as here. If the t-statistic is insisted upon, it is then obtained as VF(H). No further

discussion of using the t-test is therefore necessary.

iv) We now consider the case where the null hypothesis is that the first q coordinate of b is
zero, thatis, H:b, = 01ie.,, b;=0fori = 0,1,2,..q — 1,for g < k. Inthis case, we

have K' =[I, O]and m = Osothats = q. We write

and partition b, b and (X'X)~* accordingly. Thus,
bq Eq Tqq Tagp
b= b= And, (X’X)?! =
by, Bp Tpg  Tpp

Where p + q = the order of b = k + 1.then in F(H) in general hypothesis:K'b = b,
And, [K'(X'X) K] =Ty "

1
bq

Giving F(H) = "q”;+l (11)



In the numerator, we recognize the result of “invert part of the inverse”. That means, take
the inverse of X'X and invert that part of it that corresponds to b, of the hypothesis H: b, =
0. Although demonstrated here that for a b, that consists of the first gb’s in b, it clearly
applies to any subset of q b’s. In particular, for just one b, it leads to the usual F-test on one
degree of freedom, equivalent to ¢t —test.

The estimator of b under this hypothesis is:

b — (X'X)1 [Ig] Tyt (by — 0)

[ Tle]

Thus, the estimators of b's or not in the hypothesis are E; — T(pq)T(qq)qE;.

The expression obtained for F(H) and b, for these four-hypothesis concerning b are in term of

~

b.

1.8 Self — Assessment Exercise

1. The deciles of a normal distribution are:
d; = 17.5056 d, = 20.6764 d;, = 23.992
d, = 18.7189 ds = 21.6681 dg = 25.5026
d; = 19.7684 dg = 22.7592 dy = 27.8952
Estimate by the method of least squares, the mean and standard deviation of the distribution.

2. For the model E(y) = n = bl, V(y) = o%I,describe the estimation space and error space
and find the least square estimate for b. Show that X and y — 7j are orthogonal. Also find
E(b).

3. For the model = Xb + e,e~N(0,0%I), g(y) is some function of y, such that its expected
value is identically equal to zero. Show that the covariance between g(y) and the element
to X'y is null.

Let L(y) be any function of y, such that its expected value is A’b. Let A'b is the BLUE of
X'b. Defining g(y) = L(y) — X'b, show that V(L(y)) > V(X'b).

4. Suppose E(y,) = E(y,) = 08,but V(y;) = 5062, cov(yy,y,) = 6%,V (y,) = 2062.Show that

the BLUE of 0 is ' = (y, + 4y,)/5



5. When y has the variance covariance matrix V ,prove that the covariance of the BLUE’s of
p'band ¢'bis p'(X'V71X)1q.

1.9 Summary

The unit covers the basic concepts of linear estimation technique of model building,
estimable functions etc. In this unit, the procedure of obtaining the Best Linear Unbiased
Estimator (BLUE) is discussed in detail. Also, the Markov theorem distribution of quadratic
form is explained. The generalized F and t tests are also covered, which are used to test the

general hypotheses of linear estimation.
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2.1 Introduction

Test of significance based on t- distribution is an adequate procedure only for testing
the significance of the difference between two sample means. In a situation when we have three
or more samples to consider at a time, an alternative procedure is needed for testing the
hypothesis that all the samples are drawn from the same population. For example, when 5
different fertilizers are applied to four plots each, then we may be interested in finding whether
the fertilizers have any significant effect on the yield. In other words, we want to see whether
the samples are coming from the same normal population.

In any set of observations, the variation is inherent in nature. The total variation in any

set of numerical data is due to a number of causes, but mainly classified as:

(i) Assignable cause of variation: The assignable cause of variation can be identified,

measured and controlled.



(if) Chance cause of variation: The chance cause of variation is beyond the control of

human hand and cannot be traced separately.

Analysis of Variance (ANOVA) consists of estimation of the amount of effects due to
each of independent factors (causes) separately and compare the estimates of effects due to
assignable factors (causes) with estimates of the effects due to chance factor (cause) or
experimental error or simple error.

The following assumptions are made in any analysis of variance procedure:
(1) The observations are independent.
(2) Parent population from which observations are taken is normal; and

(3) Various treatment and environmental effects are additive in nature.

2.2  Objectives

After going through this unit, you should be able to:
e Acquire the knowledge analysis of variance (ANOVA) concept,
e Perform the analysis of variance in one-way classified data with equal (one) observation per
cell,
e Able to analyze the two-way classified data with equal (one) observation per cell using
ANOVA method.

Analysis of Variance: One-Way Classification with One

2.3 Observation Per Cell

Suppose there are n observations y;;,(i = 1,2,---,k;j = 1,2,---,n;) of a random

variable Y are grouped into k groups of size n,,n,, -+, n; respectively. Then n = ¥¥_ n; and

the observation table is as follows:

Groups Observations Total Mean
1 Vi1 Vig  ceeeeeessesseesees Yin, T, = Z;lzllylj J, = 1_1

1

2 Vo1 Ygg  ceeer s eeseen e Yan, T, = Zjnzzlyzj 7, = Ta.

i yll ylz cee cee ses ses see ses YInl Tl = Zlnzllyl] }_,1 T_l

B




Total T.=XS Xty |y ==

2.3.1 Statistical Analysis

The total variation in the observation can be split into the following two components.
(1) The variation between the classes or assignable cause of variation and

(ii) The variation within the classes or chance cause of variation.

Hence the mathematical model is given by:

Vij = Wi +eyj=12,n,i= 12, Kk,

where y; is the average effect of the i®group, which can be split as:

W=H+ = o with g =y — i = 1,2, kand p = - %, ;.

Hence,

yij=u+ o te;j=12-,n,i= 12,k (1)
Where:

yyj is the j™ observation of i" class; j = 1,2, ,n;,i = 1,2,k

u is the general mean effect,

o; is the additive effect due to i®group and

ejj Is the error effect due to chance and these are assumed to be iid random variables each
following N(0,62);j=1,2,---,n;,i = 1,2,--, k.

The side condition is Y1, njo; = Y%, n;(y; — ) =np—np =0.

Assumptions

The statistical analysis of this layout is based on the following assumptions.
(i) All the observations are mutually independent.
(i) Different effects are additive in nature.

(iii) e;;’s are iid random variables each following N(0,02);j = 1,2,--,n;,i = 1,2,-,k.

The null hypothesis to be tested is:



Ho: The groups do not differ significantly or there is no additive effect due to different groups.

In other words, a; = a, =+ = ay = 0.

Summing (1) over j and dividing by n;, we get

1 . — .
V==X v = n+ a &, Vi= 1,2,k 2

T
where g; = ni, }‘;1 e;; are iid random variables each distributed as N(0, o3 /n;).
Summing (1) over i and j and dividing by n, we get:
Y. =N Ny = u+ § = p e, 3)
where e = %Z}‘zl Zjnil e;; are iid random variables each distributed as N(0, 62 /n).
Now the total variation in each observation is given by the total sum of squares as:
TSS. =YK, Z?=i1(Yij - }_’..)2 =K, Z;lzi1(}_’i. —-y.+ v — Vi )2

=YY G- T2 I I ()

=G - 7.2+ 2 i (v — 9 )2-

OrT.SS.=S.S.G.+SS.E

Where,

T.S.S = Total sum of squares = ¥, Yy (v = 37_.)2;

S.S.G = Sum of squares due to groups = ¥, n;(§; — ¥)?; and

S.S.E = Sum of squares due to error or residuals = Yi; X1, (vy; — ¥ )2.

Degrees of Freedom for various Sums of Squares

T.S.S = Total sum of squares = ¥'X_, Y (v — 37._)2 is computed from n quantities of the form
(vij — ¥.) with one constraint 2}‘=1Z].r‘=il(yij — §.) = 0. Hence, T.S.S will have n — 1 degrees

of freedom.



S.S.G = Sum of squares due to groups = YK, n;(; — ¥.)? is computed from k quantities of

the form (¥, — ¥.) with one constraint YK n;(¥; — ¥.) = 0. Hence, S.S.G will have k — 1

degrees of freedom.
S.S.E = Sum of squares due to error or residuals = Yi; X1, (vy; — ¥ )2 is computed from n
quantities of the form (y;; — ¥;) with k constraints Y, 3%, (vy; — ¥1. ) = 0. Hence, S.S.E will

have n — k degrees of freedom.

Mean Sum of Squares
The sum of squares divided by its degrees of freedom gives the corresponding mean

sum of squares. Thus:

Mean sum of squares due to groups = M.S.G.= %

S.S.E.
Mean sum of squares due to error = M.S.E.= —

2.3.2 Least Square Estimates

In the mathematical model (1), p and «;,i = 1,2,---,k are the unknown parameters
which have to be estimated by the principle of least squares. Hence, we consider the sum of

squares due to errors, which is given by:
. 2
SSE=YXF 12 =35 2?:'1(}’11 - ) (4)

Differentiating (4) with respect to u and o; and equating to zero individually, we get:

dS.S.E

- 0=>-23%K, Z;lzil(Yij —p— ) =0

= Y N (v —n— o) =0
= NS Xt vy = np+ B njog= np [+ XIS, mye = 0 by side condition.]
Hence, the estimate of p is given by:

21 12] 1Yij =

dS.SE i -0
o - 0= —ZZ?zl(yij —p— ) =0,i= 12,k

1

= Z}lzil(Yij —H- O(i) =0



no
= Xiaq Vij = Mt + niay

=Q; = nilZ]“;l Vij— =¥ — V..
Variance of the Estimates
Wehavefi=y and@; =y; — V..
V() =E[y. - EF.— ap)l*=E[n+& — p]*=E[e ]*=E(E)
2
= V(e)="*
Also, we have @; — E(@) =y;. — ¥. — E(Fi — ¥.)
=pu+ o +8 — p—a—€ — E(p+ o+ — p—=e)
Sp+ ogte —pu—e —ptpu
=q;t+e. —e.
Hence, V(@; ) = E[o; + & — €.]%= E(af) + E[e? + &2 — 28;€ ]

=of + E(e?) + E(e?) — 2E(g;e)).

Now, E(g;e) = E(—Z] 185 1, 12 1€ij)

1 1
= WE[elzl + 6122 + LR + eizni] + FE [Z] 1 el] Zhil 1(eh1 .o + ehl’ll)]

1

- k_:llzzlnél E(eizj) = kLnlzZ]n;l V(ey)

2 2 2 2 2
Hence, V(&) = af + 22 + 2= — 22:0(54_&(1_2)_,_ o
nj n nj k

kn; n

In particular if all group sizes are equal, say tor, i.e.,ifn; =r,vi= 1,2,---,k, thenn=rk and:

(k—1)0%

V(ai)=(xiz+%%(1 )+—-a+ (1——+) 242

Expectation of Sum of Squares

Wehavey; =p+ o +e5) =12, ,n;,i = 1,2, k;



= Z] 1y1] |-I-+ a1+él,Vi= 1,2,"',1{, and

y.=ute,
Then:
E(Yu) E(u? + of +e + 2pa; + Zpey; + 2a5e5)
= E(u?) + E(«f) +E(ef) + 2uE(q) + 2pE(ey) + 2E(a;)E(ey)
=+ of + o2 + 2pq .
E(¥2) =E(u? + of + &2 + 2ua; + 2pe; + 2a;e;)
=E(1?) + E(of) + E(€)) + 2puE(w) + 2pE(E;) + 2E(o)E(E;)
=+ of + i—§+2uai.
E(y?) =E(u* + & + 2ue)
=E(W®) + E(E) + 2uE@E) =9’ +
E(S.S.G) = XL, ni(Fi. — §.)%)
= E{(Zi<, iyt — ny?)
=X mEFD) — nEF?)
= i‘lnl(u+a+ +2ua1)—n(u+ =)
=np? + ¥ njof + ko2 + 2puYK, njoy — np? — o?

=¥k na? + (k—1)oz

S.S.G 1
Or E(M.S.G.) = E(k )= o Iinial + ol

nj = 2
Now E(S.SE) = E{Zi, X2 (v — 71.) )
= E{Z 1an1Y1] %(zl nlylz}
1 2;1;1 E(Yizj) — Y nEGD)

%‘=1Z§‘;1(u2+ o + 02 + 2p0) — YK ni (P + o2+ = +2|.uxl)



2 Kk 2 2 Kk 2 k 2 2
=np® + XL nof + nog + 2uL njoy — npt — XL njof —kog —

= (n — k)o?

OrEM.SE)=E(3X) = o2

n—k

Thus, under Ho, a; = a, =--- = a. = 0. Hence,
E(M.S.G.) = 62 = E(M.S.E.).
Also, under Ho, S.S.G. follows a x? distribution with k — 1 degrees of freedom and S.S.E.

follows a x? distribution with n — k degrees of freedom.

SS.G/(k-1) _ MS.G

SSE/-K) _ MSE which will follow a

Hence, for testing Ho, the test statistic is given by F =

central F distribution with k — 1 and n — k degrees of freedom.

2.2.3 ANOVA Table

Sources of | Degrees of Sum of Squares Mean Sum of | Variance
Variation | freedom Squares Ratio
Groups | k-1 $5.6=Y5 07 — 7.)2 M.S.G =338 | oS
Error n—-k SSE=YK, Zjnil(Yij — Vi )2 M.S.E. = &—E

Total n-1 T.SS. =% N (vi — 7.)"

If the calculated value of F is greater than the tabulated value of F at k — 1 and n — k

degrees of freedom, then reject the null hypothesis Ho otherwise it may be accepted.

Critical Difference

If the null hypothesis is rejected, then we may test for the equality of two classes means i.e.
Ho, Wi = W, 5 1#°=1,2...p

Here we apply t-test satisfying the test statistic t:

= =22 ~ta(n- k)
2



2MSE
no

= 222 te(n- k)
2

and if |t| < ta(n - k), then we accept our null hypothesis Ho at a. x 100% level of significance,
2
otherwise reject.

The quantity /ZMSE ta(n - k) is known as the “critical difference” or “least significant
No 2

difference”.
For Practical Calculations
We have T.8.5 = X, X7 (v — 7.) = S, S (73 + 7.2 — 2y47)
X v+ ny - 25 Y NN
Z 12] 1Y1]+ ny - Zny
_ k nj
[ - Z 121 1Y1] = ny i=12j=1Yij]

(Z¥=1 2;21 Yij )2

n

Z 12] 1y1]_ny2_2 12] 1 1]

T2

n

121 1 11
T.S.S = Raw Sum of Squares (R.S.S.) — Correction factor (C.F.).
$8G =XLim@Fi— ¥)?= ZLmGit + 5.5 - 25:9)
=Xngi’+ ny’ - 2y XLin i
=Xy’ + ny? - 2ny
- St ng =z (2) - (D)
= §<1T—— Z=yk L_ CF

SSE.=T.SS.-SS.G.

Example: To assess the significance of possible variation in performance in a certain test

between the convent schools of a city, a common test was given to a number of students taken



at random from the senior fifth class of each of the four schools concerned. The results are
given below. Make an analysis of variance of data.

Schools
A B C D
8 12 18 13
10 11 12 9
12 9 16 12
8 14 6 16
7 4 8 15

Solution:
Sample-1 Sample-11 Sample-111 Sample-1V
X1 X? X2 X2 X3 X2 X4 X2
8 64 12 144 18 324 13 169
10 100 11 121 12 144 9 81
12 144 9 81 16 256 12 144
8 64 14 196 6 36 16 256
7 49 4 16 8 64 15 225
XX = 2X12: XX; = ZXZZZ X3 = ZX32: XXy = ZXZ=
45 421 50 558 60 824 65 875

G=YX, +3X, + X X5 + XX, =220

T2 _ (220)2

Correction Factor = — = 2420
N 20

2
Total Sum of Squares (TSS) = (LXZ + X X3 + X X% + £ X}) — - = 2678 — 2420 =

258

2 2 2 2 2
Sum of Squares between Groups (SSG) = (Eﬁl) + (2);2) + (2)1513) + (2);4) — %

= 2470 — 2420 = 50

Sum of Squares due to Error (SSE) = Total Sum of Squares — Sum of Squares between samples

=258 — 50 = 208
ANOVA Table
Sources of | Degrees of Sum of Mean Sum of Variance Ratio
Variation freedom Squares Squares Fcal. Frab.

Groups 3 50 16.7 1.285 F35) = 3.24




Error

16

208

13.0

Total

19

258

The calculated value of F is less than the tabulated value and hence, the difference in the mean

value of the samples is not significant i.e., the samples could have come from the same

universe.

2.4

Analysis of Variance:

Observation Per Cell

Two-Way Classification with One

Suppose there are n observations y;;,(i = 1,2,--, k; j = 1,2, -+, h) of arandom variable

Y are grouped into k rows and h columns respectively. Then n = hk and the observation table

is as follows:
Rows Columns Row Totals Row
1 2 j h Means
1 ) — h 3 = — T1.
Y11 Y12 Y1j Yin | T = Ximiyyy |y, = =
2 Y21 Y22 Y2 Yah | To= Zhiyy |y, = TTZ
i Vi1 Yi2 Yij Yin T, = ,h=1 Vij |yi= %‘
k . — h . s _ Tk
Yk1 Yk2 Yk Ykh T = Zim1Yy | Vi = -
Column | T, =3K vy T, =3 yia - Tj = T,y - T=
Totals Th = 21 Vi i Z:jh=1 Yij




Column |- _Ta s -T2 o _T
Yi=7 Y2 =7 Yi=%
Means Ty,
Yh=7"

<
1
A

24.1 Statistical Analysis

The total variation in the observation can be split into the following two components:

(i) The variation between the classes or assignable cause of variation which are due to

classification into different rows and column, and

(ii) the variation within the rows or columns or chance cause of variation.

Let y;; denote the value of the observation in the (i, )™ cell and suppose that yij’s are iid

random variables, distributed according to N(u;, 02). Then the mathematical model is:

YI] = I’ll] + el]!1 = 1J2J...Fk;j = 1;2,"’,h

where e;;’s are the error effect due to chance and these are assumed to be iid random variables

each following N(0,02);i= 1,2,---,k,j = 1,2,---,h.

wj; is further split into:

1 1
(Lu== Xy = = i1 20, Wy, the over all mean;
(2) the row effect o; = p; — p, where ; :% L wy; and
(3) the column effect B; = p; — p, where p; :% K. Wi -

Obviously,

=YK (- W= — kp=kp— kpu=0.
Similarly,

]h=1Bj =Z}‘=1(u.j - H) :Z,h:lu_j — hp=hpu—hp=0.
Thus,
Wj =M+ — i+ = =+ o+

Hence the mathematical model is given by:
Yij = |-l+ (0] + B] + ell,l = 1,2,...,k;j — 1,2,"',h
Where,

1)




yij is the observation of i row and j* column; i = 1,2,-,kj=12,--,h,
u is the general mean effect
o; is the additive effect due to i®row; i = 1,2,-,k;
B is the additive effect due to j™column; i = 1,2,---,k; and
e;j's are the error effect due to chance and these are assumed to be iid random variables each
following N(0,62);i= 1,2,--,k,j=1,2,--,h.
The side conditions are YX_, a; = Z}‘zl B; =0.
Summing (1) over j and dividing by h, we get
Z] 1Yij=H+ o +8,vVi= 1.2, K, 2
and
2 L, e;; are iid random variables each distributed as N(0, 02 /h).

Summing (1) over i and dividing by k, we get

1 — .
Vi=pZic1Vij = H+ B +&,¥j= 12, ,h, )
and

= k
e_]- k

L, ej; are iid random variables each distributed as N(0, 62 /k).
Summing (1) over i and j and dividing by n = hk, we get
Z 12] 1Vij= Ht+e, (4)

where € = Z <1 Z , &;; are iid random variables each distributed as N(0, o2 /hk).

The null hypothesis to be tested is:

Ho1: The rows do not differ significantly or there is no additive effect due to different rows. In
other words, o; = a, =+ = o, = 0 and

Ho2: The columns do not differ significantly or there is no additive effect due to different

columns. In other words, B; =B, =+~ =, =0.

Now the total variation in each observation is given by the total sum of squares as



TSS. =X, S (v = 7.) =2 S (5~ T 4T T+ v T - T+ 7))
=PI GL - TP S N (- 7)) I Sy - - Tyt 5
=h¥ G — §)? +k Z]h=1(}_’.j - }_’..)2 + 35, Z?:i1(Yij Vi —y;t }_’..)2-

OrT.S.S.=S.S.R.+S.S.C. +S.S.E,

Where,

T.S.S = Total sum of squares = T, ¥ (yy; — 37_,)2.

S.S.R = Sum of squares due to rows = h YK . (5; — ¥.)2.

S.S.C = Sum of squares due to columns =k YL, (¥; — 37_,)2 and

S.S.E = Sum of squares due to error or residuals = ¥i<, L, (yij — 71 — 7 + 7)".

Degrees of freedom

TSS=3K ¥ (v — 3‘/")2 is computed from hk quantities of the type(y;; — ¥.) with one
restriction that X, Z%;l(yi,- — §.) = 0. Hence, it has hk — 1 degrees of freedom.

S.S.R = hYK (¥, — ¥.)? is computed from k quantities of the type (¥, — ¥.) with one
restriction of the type X, (¥, — ¥.) = 0. Therefore S.S.R has k — 1 degrees of freedom.
SS.C =k XL (y; - 37_,)2 is computed from h quantities of the type (y; — ¥.) with one
restriction of the type Z}Ll(yj — y,) = 0. Therefore S.S.R has h — 1 degrees of freedom.
Finally, SSE =%, XL (v — ¥ — ¥ + 37,,)2= T.S.S — S.S.R. -~ S.S.C. Hence its degree

of freedom is given by hk — 1 — (k- 1) — (h— 1) =hk —k —h + 1 = (h— 1). (k — 1).

2.4.2 Least Square Estimates

In the mathematical model (1), u ,a; and B; , i= 1,2,--,k,j=12,---,h are the
unknown parameters which have to be estimated by the principle of least squares. Hence, we

consider the sum of squares due to errors, which is given by:

2
SSE=3K YL ef =2, (v —n— a— B;)". ®)



Differentiating (5) with respect to p, «; and §; and equating to zero individually, we get:

dS.S.E
0= —2X5 k(v —r— i — By) =0

= Z?:l Z]h=1(Yij B i R Bi) =0
= Yici Xk, vy = hkp+ h X + k XL, B= hk.

Hence, the estimate of p is given by:

a1 P =
H= ;Z%(ﬂ Z;Ll Yij =Y.

S=0= 28, (yy—n— w— B)=0,i= 12k
=> Yy —n— o — B;) =0
= Z]h=1Yij =hp+ ho + Z]h=1 B;
S &=y - A =% - V. =% - 5.
d:_;Ez 0= —22%(:1(}’11 —H— - Bj) =0,j= 1,2,--+,h.

= Z%(=1(Yij —U— o= B,-) =0
= Th vy =kt TS o + kB; = ki + kB

PN

1 A _
=B = 2y~ =5 - 757 7.
Variance of the estimates
Wehave i=y ,&=y; — y. andB;=y; — .

V(i) =E[y. — EF)I*=E[u+ & —ul?

AISO, we have ai - E(al) = }_71_ - }_7 - E(}_’l - }_/)
Nowy; — y. =u+ a;+8& — u—=e =¢ —€ +
EFi— ¥.) = a.

Hence, ’di — E(al) = éi. - é + o— Q4 = éi. - é



Hence, V(@; ) = E[e; — € ]>= E[e? + & — 2g;€ ]
=E(&}) + E(e?) — 2E(§E).
_ — 1 1
Now, E(g;€ ) = E(HZ]h:l €ij EZ}L YL eq)
_ 1 2 2 2 1
—EE[eil + eiZ + -+ eih] +EE

= #E[eﬁ + e + -+ efj] since E(ejjeg) =0 for g # i;

= #Z;L (e 11) - khzz 1V(e11) = hc’e - Eﬁ
Hence,V(ai):%g+ %— ZE—E :%%— g :%%(k—;l)
Similarly, for V(B; ), we have:
Bi— E(B)=y;- .- E(; - v.)
yi— V.= u+pBjt+te;—p—e=¢;— € +p;
E(y;— 7.)=B;.
Hence,

V(B;) =E(e; — &)= E[e? + & — 253 |
=E(e?) + E(&®) — 2E(e;e)
- = 1 1
Now, E(e;e.) :E(§Z¥=1 €jj EZ%(:l Y es)
-1 2 2
mE[elj + e+ -

-t ek]] + E[Z =1 &jj Zl #j= 1(e11 + -

== E[en + €%+ -+ efy] since E(ejjeq) =0 for 1 = j;

_ 1

2
- m %(21 E(ell) = h_:;z 1V(ell) = kGe = E:l

2 2 2 2 2
5 Yook, 08 ,0f _od_ oi_ock
Hence, V(Bi)_?-l' kh 2kh "k kh Kk

Expectation of Sum of Squares

We haveyij =p+ (Xi+Bj +ei]-;i= 1,2,"',k;j = 12,-,h

1 _ .
Yi=g ]h=1Yij=Ll+ a;+¢e,vVi= 1,2,--+,Kk,

[Z]h=1 €jj Zlg(;ti=1(eg1 +

~+ egn)]

-+ ekl)]



1 — .
y_]':E %‘=1yi]-=u+[3j+e.]-,‘v’]= 1,2,"',1’1, and
— 1 —
y.= EZ}% Yhiyi= n+te,

where €; = %Z}‘zl e;; are iid random variables each distributed as N(0, 02 /h), €; = iZ}‘zl €jj

are iid random variables each distributed as N(0, 62/k) and € = %Z%‘zl Z].n;l ejj are iid random

variables each distributed as N(0, 02 /hk).
Then:
E(le]) = E(I.lz + (Xiz + BJZ + eiZj + 2}.1(11 + ZHB] + 2|.lei]' + Z(XiB]' + Zaiei]- + 28161])

=EW?) + E(af) + E(B?) + E(ef) + 2uE(ay) + 2pE(B;) + 2uE(ey) +
2E(0)E(By) + 2E(ay)E(ey;) + 2E(B)E(ey)
=2+ of + B + 2pay + 2uB; + 2a4B; + 03
E(¥2) =E(u? + of + & + 2ua; + 2ue; + 2058;)
=E(W?) + E(af) + E(€}) + 2uE(x;) + 21E(E;) + 2E(w)E(E;)
=p?+ of + %g+ 2u0;.
E(¥}) =E(* + Bf+ &5 + 2uB; + 2pe; + 2B;€;)
=E(u?) + E(B]) + E(8F) + 2uE(B)) + 2uE(E)) + 2E(B)E(E;))
=2+ BP+ "f+ 2uB;.
E(F?) =E(W’ + &2+ 2pe)
=EG2) + @) + 2uEE) =W+
E(S.SR)=EhYL,Fi — 7.)%
=E{h Xi, 7 — hky?}
=h X, EGY) — hkEGF?)
=hYk, (uz + of + %% + Zuai) — hk(p? + E—i)

=hkp? + h¥<, of + ko +2p ¥, «, — hkp? — o2



=hY&,a? + (k—1)c2. [since YK 1o, =0].

S.SR

OrEMM.SR)=E (2=

)= 3k o + o

E(S.S.C)=E{k X, (7; - 7.)°)
= E(k M, 72 — hky?)
=k YL, E(¥}) — hkE(¥?)
=kYh, (u2 + Bf + % + ZP‘BJ') - hk(uz + %)
=hkp? + kL, Bf +ho? + 2u XL, B, — hku? — of
=kYM,B?+ (h—1)o2. [since TN =1 B, =01

OrEM.S.C)=E(325) =3k g2+ of

Now:

E(S.S.E) = E{Z, Zh, (v - %i — 95+ 7.3
=B XL vf + ¥+ V5 + % - 2y3i — 2yuY5 + 2yyY. + 25555 — 2505, —
2y;y.)}
K12 EG) +h I EG) + kXL, E(F5) + hKE(F?) —

2E{YI, Vi it vy} — 2E{(XL, ¥ 2 v} + 2E{F XIS, T v} +
2E{YI, 51 XL V53 — 2E(hy 2, 91} — 2E(ky. XL, 73

I X B + h IS EGD) + kI, E(75) + hkEG?) — 2h T, B(FP) —
2k YL, E(73) + 2hKE(§2) + 2hKE(72) — 2hKE(7?) — 2hKE(72)

K1 EGf) — hZ EGD) —kZL, E(7]) + hkEG?)

=V S (02 + of +B7 + 2pey + 2uPB; + 204B; + 03) —h X (u2 + of +

2 2 é
%+ 2n0) —kZ}‘zl(uz + B+ 21131) +hk(“2 +%)



=hkp? + h¥i<, of + kXML, B7 + hko? — hkp? —h ¥, of — koZ — hkp? —
kYL, Bf —ho? + hkp? + o2
[since ¥k, o =0 and XL, B,=0l.

= (hk—k—h + 1)o2 = (k — 1)(h — 1)c2.

S.S.E
OrEM.SE)=E(55—) = o
Thus, under Hot, o; = a = -+ = oy = 0= YK, a?= 0.

Hence, E(M.S.R.) = 05 = E(M.S.E.).
Also, under Hoi1, S.S.R. follows a x? distribution with k — 1 degrees of freedom and S.S.E.
follows a x? distribution with (k — 1)(h — 1) degrees of freedom.

: o __ SSR/(k-1) _ MSR
Hence, for testing Hos, the test statistic is given by Fr = soo=e —-r = Tocm

, which will

follow a central F distribution with k — 1 and (k — 1)(h — 1) degrees of freedom.

Similarly, under Hoz, By = B, = -+ = By, = 0= XL, 7= 0. Hence,
E(M.S.C.) = o5 =E(M.S.E))
Also, under Hoz, S.S.C. follows a x? distribution with h — 1 degrees of freedom and S.S.E.

follows a x? distribution with (k — 1) (h — 1) degrees of freedom.

SS.C/(h-1) _ MS.C
SS.E./(k-1)(h-1) M.SE

Hence, for testing Ho, the test statistic is given by Fc = , Which will follow

a central F distribution with h — 1 and (k — 1) (h — 1) degrees of freedom.

2.4.3 ANOVA Table
Sources of | Degrees of Sum of Squares Mean Sum of | Variance
Variation | freedom Squares Ratio
Rows k-1 =hYE (. — v )2 —SSR. — MSR.

S.SR=hYL,(Fi — ¥.) MSR="0 | Fr=—to

| h—1 _ h (= —\2 _SScC _ MSC.

Columns SSC=k XL (7~ 7.) MS.C=2" | Fo=os
Error (k-1)(h-1) | SSE=FK, TN, (v —7i - M.S.E. =

B .2 S.S.E.

yi+ 3.) (-1)(h-1)




Total kh-1 T.S.S. —Z =1 Z] 1(YI] --)2

e If Fr <Fgq/2m-1),xk-1)h-1), then Hoi is accepted, hence we conclude that there is no

significant difference between ./, otherwise Hoz is rejected at level of significance a.

e If Feaicol < Foy2h-1),k=1)(h—1) then Hoz is accepted, hence we conclude that there is no

significant difference between p;; otherwise Hoz is rejected at level of significance a.

Critical Difference

If the mean effect due to factor A or factor B differ significantly, then we need to know
about those pairs of means which differ significantly. For this we calculate the critical
difference.

1. Critical Difference due to Row

2MSE
CDrow =t a/2(k-1),(h— 1)«/

If |, — yi| > CDrow, then i"" and i’*" row means are said to differ significantly, otherwise
not.

2. Critical Difference due to Column
If |y, — y__’]| > CDcol, then j and j*™ column means are said to differ significantly, otherwise

not.

For Practical calculations

We have T.8.5 = X, S, (v — 7.) = Tk, S, (v3 + 72 — 2y47.)
Z 12 1Y1]+ khy - Zy 21 121 1 ¥Yij
121 1Y1] + khy? — 2khy? = 121 1Y1] khy?

T 2
= Raw Sum of Squares (RSS) - kh(h_i;)

- T2
=RSS — -



T.S.S=RSS — Correction Factor (C.F.),

_T?
Where, C.F. = "

Similarly,
SSR=hYX, (¥ — 7.)?=h XK, §2 — hky?

Ti)\? _1
=hyl, (B) —CFR=13k, T2 -CF.

_ —\2 _ _
$SC=k XL, (y;— ¥v.) =k I, ¥;* — hky?

_yh (Th) —_1gh g2
=k 3, (2) —CF=33L, T - CF.

SSE=T.SS-SSR.-SS.C

Example: The following table gives monthly sales (in thousand rupees) of a certain firm in
three states by its four salesmen. Set up analysis of variance table and test whether there is a
significant difference between sales by the firm salesmen and sales in the three states.

States Salesmen
I I Il A%
A 6 5 3 8
B 8 9 6 5
C 10 7 8 7

Solution: Let us take the hypothesis that there is no significant difference between the sales

by the four salesmen, and there is no significant difference between sales in the three states.

States Salesmen Total
I I Il A%

A 6 5 3 8 22

B 8 9 6 5 28

C 10 7 8 7 32

Total 24 21 17 20 82




X 8 7 5.67 6.67

. T2 82?2
Correction Factor (CF) = T 560.333

Total Sum of Squares (TSS) = ¥, ¥t y§ — CF = 602 — 560.333 = 41.667
Sum of Squares between Columns (SSC) = ézlf‘:lyf — CF = §[242 +212+172 +

202] — 560.333
= 568.67 — 560.333 = 8.337

[222 + 282 + 322] —

NI

Sum of Squares between Rows (SSR) = i 2.yl — CF=
560.333
=573 — 560.333 = 12.667
Sum of Squares due to Error(SSE) = TSS — SSC — SSR = 41.667 — 8.337 — 12.667

= 20.663
ANOVA Table
Sources of | Degrees of Sum of Mean Sum of Variance Ratio
Variation | freedom Squares Squares Fcal. Frab.
Rows 2 12.667 6.334 1.839 Fo6 = 5.14
Columns |3 8.337 2.779 0.807 Fi36) = 4.76
Error 6 20.663 3.444
Total 11 41.667

For the sales in the three states (rows), the calculated value of F is less than the tabulated
value. Hence, there is no significant difference in the states as far as sales are concerned.

For the sales by the firm salesmen (columns), the calculated value of F is less than the
tabulated value. Hence, we conclude that the sales of different salesmen do not differ

significantly.

2.5  Self-Assessment Exercise

1. Explain the meaning of Analysis of Variance and state its basic assumptions.
2. For the one-way classified fixed effect model, yij = p + ai + &jj; (i=1,2,...,k; j=1,2,...,n)
where the symbols having their usual meanings. Obtain:

I.  The estimates of the parameters p + o



ii.  The expectations of the various sum of squares.
iii. Give the ANOVA table
. Give the fixed effect mathematical model for two-way classification with one observation
per cell, stating clearly the assumptions involved. Also obtain:
i.  The estimates of the parameters in the model
ii.  The variance of the estimates
iii.  The expectation of the various sum of squares
iv. ANOVA Table
. Data collected on the effect of four fixed types of television tube coating on the conductivity
of the tubes. Do an analysis of variance on these data and test the hypothesis that the four

coatings yield the same average conductivity.

I 56 55 62 59 60
I 64 61 50 55 56
I 45 46 45 39 43
v 42 39 45 43 41

. A trucking company wishes to test the average life of each of the four brands of tyres. The
company uses all brands on randomly selected trucks. The records showing the lives
(thousands of miles) of tyres are as given in the table below. Test the hypothesis that the

average life for each brand of tyres is the same.

Brand-1 20 23 18 17
Brand-2 19 15 17 20 16
Brand-3 21 19 20 17 16
Brand-4 15 17 16 18

. Three different methods of analysis M1, M2 and M3z are used to determine in parts per million
the amount of a certain constituent in the sample. Each method is used by five analysts, and
the results are given in the table below. Do the results indicate a significant variation either

between the methods or between the analysts?

Analyst Method

M1 M Ms
1 7.5 7.0 7.1
2 7.4 7.2 6.7
3 7.3 7.0 6.9
4 7.6 7.2 6.8
5 7.4 7.1 6.9




26  Summary

This unit makes imparts knowledge about the concept of analysis of variance
(ANOVA) and teaches how to perform the analysis of variance in one-way and two-way
classified data with equal (one) observation per cell.

2.7 References

e Gun, A.M., Gupta, M.K. and Dasgupta, B. (2013). Fundamentals of Statistics Vol.1 & II.
World Press.

e Gupta, S.C. and Kapoor, V.K. (2008). Fundamentals of Applied Statistics (4th ed.), Sultan
Chand and Sons.

e Mukhopadhyay, P (2011). Applied Statistics (2nd edition revised reprint), Books & Allied
(P) Ltd.

2.8  Further Reading

e Bapat, R. (2012). Linear Algebra and Linear Models. Springer.

e Hogg, R. V., McKean, J. W., and Craig, A. T. (2020). Introduction to Mathematical
Statistics. Pearson.

e Mood, A. H., Bose, D. C., & Graybill, F. A. (1984). Introduction to the theory of Statistics.
McGraw-Hill.



UNIT:3 ANALYSIS OF VARIANCE- Il

Structure

3.1 Introduction
3.2 Objectives
3.3 Analysis of Variance: Two-way classification with m-observations per cell
3.3.1  Statistical Analysis
3.3.2  Least Square Estimates
3.3.3 ANOVA Table
34 Tukey’s Test for Non-Additivity for Two-way layout with one observation per
cell
35 Analysis of Covariance (ANCOVA)
3.5.1 ANCOVA for One-Way Classification with a Single Concomitant
Variable in C.R.D. Layout
3.5.2  ANCOVA for Two-Way Classification with a Single Concomitant
Variable in R.B.D. Layout
3.6 Self-Assessment Exercise
3.7 Summary
3.8 References
3.9 Further Reading

3.1 Introduction

Experiments are performed to draw inferences about an entire population based on a
few observations. If the experiments are perfectly repetable and the important factors giving
rise to the results are perfectly separable, then the analysis and interpretation of results become
relatively easy. However, experiments are often conducted so that the effect of one factor is
(unknowingly) mixed up with the effect of a factor not considered in the experiment. These
reasons, among others, make the analysis of the data from an experiment difficult. The role of
statistics in experimental design is to separate the observed differences into those caused by
various factors and those due to random fluctuations. The classical method used to separate
these differences is Analysis of Variance or ANOVA.

When a set of observations is spread out across the different levels of two factors at the

same time. Suppose that two factors A and B vary in an experiment, the factor A have p levels



Az, Az, .... Ap, and the factor B have g levels By, B, .... Bq. As an example, the factor A may
be the variety of paddy (different varieties being A1, A2, .... Ap) and B may be the location
(block) in the rural part of a distinct (different locations being B1, Bo, .... Bgq, where these
varieties of crop are cultivated.

In such a two-factor experiments, the observations can be arranged in a two-way layout
or a pxq table, where each row corresponds to a level Ai of A and each column to a level Bj,
of B. Let njj be the number of observations in the cell (i,j) and yij be the value of k™ observation
onthe (i,j)" cell, k=1, 2,... nij; p=1,2,... p; j=1,2.... q. In the above example, yijx may be yield
of paddy on the kth plot in the j* location on which the i" variety of paddy has been sown. We
assume that the plots are of the same shape and size of unit area, and the k™ plot has been
chosen randomly out of all such plots in the j*" location. If n;; = 1,V(i,j), the layout is called
a complete layout. In an incomplete layout, njj = 0 for some (i j).

ANOVA is performed in such a situation as a statistical method to find and measure
the sources of variation. An extension of traditional two-way ANOVA called ANOVA in two-
way classification with m-observations per cell is used when more than one observation is
taken for each combination of factors in a two-way classification. This method works best
when there are multiple readings to make the statistical analysis more reliable.

3.2  Objectives

After going through this unit, you should be able to:
e Perform the analysis of variance in a two-way classified data with m-observations per cell,
e Conduct Tukey’s Test for Non-Additivity for Two-way layout with one observation per cell,
e Understand the concept of Analysis of Covariance (ANCOVA) for one-way and two-way
classified data.

Analysis of Variance: Two-Way Classification with m-

Observations Per Cell

In this case of two-way classified data with one observation per cell, we are not able to
obtain an estimate of, or more make a test for the interaction effect. However, if some or all of
the cells contain more than one observation, then we can estimate or test for the interaction

effect. Here, we assume that there is an equal number, say m-observations in each cell. Let the



m-observations be in the ij" cell and denoted by yij1, Yijz, ....... s Yijkeenee yijm. Thus, Yijk denotes

the k™" observation for the i level of factor A and j™ level of factor B.

Factor A Factor B

Bi | Bi [ .eeerennn Bq
A1 Y111 Y112 ....... Y1im Yij1 ....... Yijm Yigt ....... Yigm
Az Y211 Y212 ....... Y21im Y2i1 ....... Y2jm Yoq1 ....... Y2qm
Ai Yitt Yi12 ....... Yitm Vijl ceennen Yijm Vigl «ee.. Yigm
Ap Yp11 Yp12 ....... Ypim Ypir eeenn Ypim Ypgl oeeee.. Ypgm

The above defined scheme is known as “Two Way Classification of data with m-

observations per cell”.

3.3.1 Statistical Analysis

The total variation in the observation can be split into the following four components:
(i) The variation due to factor A
(if) The variation due to factor B
(iii) The variation due to interaction effect AB

(iv) The variation due to random effect

Hence the mathematical model is given by:
Yijk = Hijk + eijis 1= 1,2,,p;j = 12, q¢;k = 1,2,--,m 1)
Where,

11, be the true value for the ij™ cell and e, be the error and e;;, ~ N (0, o).

Now, u; ) can be decomposed as:

Hije = 1+ a; + B +vij



Where,
2ia; =0 =3;p;
2ivij =0 Vjand ¥;y;; = 0Vi
Now, our linear model (1) can be re-written as:
Yijk =h+ a;i+ B +vij + ek (2)
Where,
u is the general mean effect
a; is the effect due to i*" level of factor A; i = 1,2,-,p;
B; is the effect due to j¢" level of factor B; i = 1,2,--,q;
yi; is the interaction effect between i level of factor A and j™ level of factor B, and

e;;'s are the error effect due to chance and these are assumed to be iid

Here, we want to test the equality (homogeneity) of the different level of factor A as well as
factor B and independency of A and B. Thus, our hypotheses are:

Hoa: g = Mg =-vvnens = Uy = H(E)ag =az =....... =ap, =0

Hos: Lot = Mgz =..+--.. = Hog = U(E)B1L =Pz =....... =By =0

Has:y;j = 0,Vi&j

Against,

Hia: At least two means are not same.

Hig: At least two means are not equal.

HAB:]/U#—'O,Vi&j

3.3.2 Least Square Estimates

For testing above hypotheses, we need least square estimates of u, a;, B; and y;;.
Thus, the least square estimates can be obtained by minimizing the residual sum of square as:
S = Z?Z?Z;cneizjk = Z?Z?Z?(J’Uk —u—a — B — i)

The normal equations are:

as das as das

—_ = ,—:O,—:01—:O
du dai dﬁ] d)/ij
Now,

as ~ _

—=0= A=y



ds ~ _ _
—=0=>a =y —-¥.

dai

dS _n_ 7 _ = =

d_,Bj_o_>'B]_ Y. Y.

ds

m:02>22k(3’i1‘k —u—a —p —y)=1)=0

=>myy; = yij.— m(a; + ;) — mu
=Y =Yy b= a = B
=Y,=Vij— Vi.—Vj+t V.
Now, substituting all these estimates in equation (2), we get:
Vig = V. v =y )+ =)+ Qi — yi. = Vj+y)+Oijx— Vij)
Vi = V. =0 - ¥ )+ G- V)+ Gy — Vi. — V. +3.)+ Gijk — Vij)
Now, squaring both sides and summing over all observations, we get:
P Z;I YRk — 7.)* =27 Z? SGL - V)+ T = F)+ Gy — Vi — Y +I)+
_ _ 2
Gije — ¥ij)]
XX X ik — ¥ ) =X ¥R G — ¥+ LV L XN — ¥R+ XD X YRy —
Vi. = Vj+y) +2F Z,q- SRk — ¥ij)*
Since the product term will vanish, hence:
7 Z? YRk — V)2 =qmY¥ (G — ¥.)*+ pm Z?(}_’.j. - )2+ mYV Yl — v -
yi+y) + X! Z,q- SRGijk — ¥ij)?
TSS = SSA + SSB + SS(AB) + SSE

Total Sum of Square = Sum of Square due to Factor A + Sum of Square due to Factor B + Sum
of Square due to Interaction between Factor A and Factor B + Sum of

Square due to Error

Degrees of Freedom
TSS has (n-1) degree of freedom
SSA has (p-1) degree of freedom



SSB has (g-1) degree of freedom
SS(AB) has (p-1)(g-1) degree of freedom
SSE has pg(m-1) degree of freedom

In this case, we see that the degree of freedom is also additive in nature.

n-1=(p-1)+(-1)+(p-1)(@-1)+pa(m-1)
Corresponding mean sum of squares are obtained as:

MSA = 234 MsB = 3£
p—1 q-1
__ SS(AB) _ _ SSE
MS(AB) T (p-D@-1) MSB pq(m-1)

F-test Statistic
Now to obtain appropriate test statistics to test the null hypothesis Hoa, Hos and Hoag,
we find the expectation of mean sum of square from model (2).

We have by summing model (2) over j and k and dividing by mq:

Vi.= uta;t+e; 3
Summing model (2) over i and k and dividing by pm:

yj=u+pite; (4)
Similarly,

Yij=uta+Bi+vi+e

()
And

y.=ute, (6)
Then,

SSA = mq¥(yi.— ¥.)°
=mqyu —a; — & —u— e.)>
= mqY(a; + (& —e.))?
= mqXY;a;> +mqXi(é. —e)*+2mqY(e. —é)aq;
Now,
E(SSA) = mqYia* + mqX,E(&. —&)* +2mq X, E(&;. — &)

=mqY;a’+mqXY;Ele,*+ e? — 2¢, +e |+0



mqY;a;? +mq|XiE(€.?) — pE(e.?)]

aé

mpq

2
= mq X e’ +mCIZi;:l_2 — mpq *

= mqY,; ;> + o + pod
Now,
sSB=mp¥,(7, -7.)°
=mpY(u+p+e;, —u—e)
=mpY;[B; + (e — e_...)]z
=mpY; ,6’]-2 + mp Zj(e_,j. - e_...)z

Now,

E(SSB) =mp ¥, B7 +mpY;E(&;—¢.)
=mpY B} +mpY,E[e +e2—2¢; ¢ |
=mp3;B? +mpE [zje‘_zj_ +qeé’—-2q e‘.z..]
=mpY; B} +mp X;E[e’] - qmpE[e?]

508 o

m
mp Pq pqm

=mp¥; B} +mp
=mp X} +qoé — i
=(q—1DoZ +mp X; B}

Again,

SS(AB) = mZiZj(:)_’ij. —yi—y,*t }_’...)2
=mY Yilu+ai+Bi+vij+e;)—(wta+e)—(u+p+e;)+u+
e’

=mY;Ylvij+ (& —e.—€j +e. )]2



N L
=mY; Y;vi+ mY;Y(ej —e. —e;+e. ) + ZmZiijij(eij. —e. —¢ej+

)

Now,

E[MS(AB)] =mY,;¥;v? + mE[Y; Y (e;; —e. —e; + e_...)z] +2m3;YviiEe; —

_ _ _ _ 12

=mY;Y;vh+m Y YEle -6 —ée; +e ] +0
:mZiijizj+mE[Zi2je_i2j_+Zi2je_i_+2i2je_.2j.+Zi2je_i_

2% e_ij. e . t2Y;Xjeje;+2y;y;e;e +2);%é.e; —

2y e e —2y;Yjeje. ]
=mY Y v+ mELiY; e, +qXie, +pX;e, +pqel —2q%ie; -

2p ¥j&5 + 2pqé? — 2pqe. ]
=mY; Yy + YoElez | — CE[e2] — E[ &2 Ele?
= iV tmYiX; [eij.] mq Y E[ef] —mp}; [e.j.]+mpq [e7]

mpqal

e 2 N L. S
_leZ])/ij+lezjm mqZLmq mpz]mp-l_ mpq

=mY; ;v +pqod — pod — qog + o}
=(pq-p—q+ Doz +mX; Xy}
=(p-1(g - DaZ +m% %]

Now,

SS(AB)
(r-1D(q-1)

E [MS(AB)] = E |
=2 +mY; Zj yizj

Again,

SSE=Y,Y; Tk(eijx — e_ij.)2

=i Ykeln + XX Xkl — 2% %) Yk €ijk€ij.



=YY Nkel tmY; Y el —2my,; ¥ e
=YiXYjeln—mXY;Y;e;
Now,
E[SSE] = %, % Xk Ele?] —m X X, E[e? ]
:ZiZjZkUez _mZiZj%g
= pqmo¢ — pqo¢

=pq(m — 1)o¢

Mean Sum of Square
Dividing sum of squares by its degree of freedom, we get corresponding various mean

sum of square,

SSA
E[MSA] E[( ] 0% + LY al

=0 + ¢ (@)

When H, , is true, then E[MSA] = E[SSE]

E[SSA] = 02
E[MSB] = E[@ —ﬁE[SSB]
- mp
= e2+;2j312
=0 + ¢, (ﬁj)
When H, is true then: E[MSB] = E[MSE]
SS(AB)
E[MS(AB)] = E[—(p o 1)]
- 2
=02+ o o 2i(r)’

=02 + ¢3(vi))
When H, 45 is true then: E[MS(AB)] = E[MSE]
Hence, when H, 4, H,5 and H, 45 are true. we have:

E[MSA] = E[MSB] = E[MS(AB)] =E[SSE] = ¢



And the corresponding test statistics are:

o _Msa
4= usE ~to-vpam-1)(%)
o _MsB

B = usE M ia-npam-1)(%)

_ MS(AB)

48 = "usE~Fo-ne-npam-0)9)

3.3.3 ANOVA Table
Source of Degrees of | Sum of Square Mean Sum Variance
Variation freedom of Square Ratio
Factor A p-1 SSA=mq X,y —7.)* | Msa =334 , = M54
p-1 MSE
- _ _ ) _ SSB __ MSB
Factor B q 1 SSB = mp Z](y] — y) MSB = E B — M_SE
Interaction (p-1)(0-1) SS(AB)=mY;Y;(y;;, — | MS(AB) = F,. = MS(4B)
AB MSE
S o_wooaw ) _S5(4B)
between A&B Vi.— . +7.) T
Error pq (m-1) SSE=3;%; Yk(yiji — MSE = —3E
pq(m-1)
_ 2
—}’ij.)
Total n-1 TSS=%,%; Zk(}’ijk -
— \2
y.)

Example: A motor company wishes to check the influences of tyre type and shock absorber
settings on the roadholding of one of its cars. Two types of tyres are selected from the tyre
manufacturer who normally provides tyres for the company’s new vehicles. A shock absorber
with three possible settings is chosen from a range of shock absorbers deemed to be suitable
for the car. An experiment is conducted by conducting roadholding tests using each tyre type
and shock absorber setting. The (coded) data resulting from the experiment are given below.



Derive the appropriate ANOVA table. State clearly any conclusions that may be drawn at the

Factor Shock Absorber Setting
Tyre B1=Comfort | B2=Normal | B3=Sport
5 8 6
Type Al 6 5 9
8 3 12
9 10 12
Type A2 7 9 10
7 8 9

5% level of significance.

Solution:

Total Sum of Squares (TSS) = ¥ ¥y Moy Vi —

Factor Shock Absorber Setting Total
Tyre Bl B2 B3
Type Al ) 8 6

6 5 9

8 3 12

y11. = 19 Y12, = 16 Vi3, = 27 yi. = 62
Type A2 9 10 12

7 9 10

7 8 9

Y21, = 23 Va2, = 27 V3. = 31 Y. =81
Total Y =42 Vo =43 y3 =58 y. =143

L= 1233 — 22~ 96944

N

18




2 2 2 2 2
- 6224812 143
Sum of Squares due to Factor A (SSA) = 12=1& — Lo -

qm N 33 18

10405 1432
= - — = 20.056
9 18
_ 422+4324582 1432

2 2
Sum of Squares due to Factor B (SSB) = Z?ﬂs—'ln'l - yﬁ =

_ 6977

1432

2%3

=— — — = 26.778
18

6

18

2 2
Sum of Squares due to Interaction (SSAB) = 12=1Z]-3=1% - YF — SSA — SSB

_ 192+162+272+23%427%+312

1432

3

26.778 = 5.444

— 20.056 —
8

ANOVA Table
Source of Degrees of | Sum of Square | Mean Sum | Variance Ratio
Variation freedom of Square Fcar. Frab.
Factor A 1 20.056 20.056 539 |Fu12=4.75
Factor B 2 26.778 13.389 3.60 | Fp12=3.89
Interaction AB | 2 5.444 2.722 0.731 | Fp12=3.89
Error 12 44.666 3.722
Total 17 96.944

The following conclusions may be drawn:

Interaction: There is insufficient evidence to support the hypothesis that interaction takes place

between the factors.

Factor A: Since 5.39 > 4.75 we have sufficient evidence to reject the hypothesis that tyre type

does not affect the roadholding of the car.

Factor B: Since 3.60 < 3.89 we do not have sufficient evidence to reject the hypothesis that

shock absorber settings do not affect the roadholding of the car.



Tukey’s Test for Non-Additivity for Two-Way Layout with One

3.4
Observation Per Cell
The linear model for a two-way layout with one observation per cell is:
Rows Columns Row Totals Row
1 2 J h Means
1 Y11 Y12 Y1j Yin | Ty = ?:1)’1]' Y1, = %
2 Y21 Y22 Y2j o Yan (| To= Z;l=13’2j V2. = %
i Vi1 Yi2 Vij = Yin T; = 7:1 Yij |y = %
K Yk Yk2 YVkj ** Ykn Ty = ?zl Yej | Vi = TT"
Column | Ty =3y To =X Ve T = Zisq yij - T=
k h
Totals Th =3 yn i=1 2 j=1Yij
_ T _ T _ T i =
Column 2 :‘?1 Vo :?2 yj :71 y
Means T _T
— 1A
Yn=7 hk

Let y;; denote the value of the observation in the (i, )™ cell and suppose that yij’s are iid
random variables, distributed according to N (u;, 62). Then the mathematical model is:
Yij= Wij + eyi= 12,k j= 12,-,h
where e;;'s are the error effect due to chance and these are assumed to be iid random variables
each following N(0,02);i = 1,2,-+,k,j = 1,2, h.

wij is further split into:



1 1
Qp=- Xy = — 1=1 X_1 1y, the over all mean;
(2) the row effect a; = u; — u, where y; = %Z?zluij; and
(3) the column effect B; = u j — p, where u ; = % {F:lllij-

(4) the interaction effect yij when the i level of first factor and j™" level of second factor occur
simultaneously and is given by: y;; = u;; — g — pj +p, where Yy; =0Vi=1.2,....k
and Zlylj = OV] =1,2,....h

Obviously,

o =Y - W)=Y — ku=ku—ku=0.
Similarly,

?:13] :Z?=1(ﬂ.j - 1) :Z;Ll,u,j —hpu=hu—hu=0.
Thus,

Mig =+ — p+ pj— 0ot gy — = pj+ p=pt ot Bty

Hence the mathematical model is given by:
yl-j =u + a; + ,B] + yij + eij;i = 1,2,"',k}j = 1,2,"',h (1)
Where,

yi; is the observation of i*" row and j** column; i = 1,2,--,k,j = 1,2, , h,

u is the general mean effect

a; is the additive effect due to i®*row; i = 1,2,--,k;

B is the additive effect due to j**column; i = 1,2, k;

yi; is the interaction effect when the i level of first factor and j™ level of second factor occur
simultaneously, and

e;;'s are the error effect due to chance and these are assumed to be iid random variables each
following N(0,02);i = 1,2,-+,k,j =1,2,-+, h.

The side conditions are 3./, a; = X}, B; = 0.

The null hypotheses to be tested in this case are:
HOl: a, =0y =...... ar = 0, HOZ:ﬁl = ﬁz e Bk = O, H03:)/ij = 0,1:1,2,1(, j:1,2,,...k



First of all, we have to test Hos, since we cannot test Ho1 or Hoz (i.€., the hypotheses on the main
effects), unless it has been established that the interaction effect is zero.
To test Hos: y;; = 0 VI and j, Tukey developed a procedure known as Tukey’s test. The
technique consists in partitioning the error sum of squares (S2) with (k-1)(h-1) d.f. into two
components as follows:
Sél (= SSN) i.e., the sum of squares due to non-additivity (i.e., interaction) which has single
d.f. and

SL%Z i.e., the balance error sum of squares which as (k-1)(h-1)-1 d.f. We have:

Sg, = S.S.due to non — additivity (SSN)

[ S v 37— v (S5455+2]
= - with 1 d.f.

And,SE = SE — SE = SE — SSN,with (k — 1)(h— 1) d. f.

Test statistics for testing Hos: y;; = 0 VI and j is:

Sél/ SZ
F=g—=H—= SZTl"'Fl,(k—l)(h—l)—l

SZ
&2/ (k=1)(h—1)
If F > Fi (k-1)n-1)-1(@), We reject Hos at a level of significance otherwise we may accept

Ho3.

3.5  Analysis of Covariance (ANCOVA)

The basic objective of the designs considered so far is to make the treatment
comparisons with the greatest precision by reducing the experimental error through the
powerful tool of local control. Analysis of Covariance (ANCOVA), like Randomized Block
Design or Latin Square Design, is a technigque of increasing the precision of design by reducing
the experimental error.

ANCOVA is a technique in which it is possible to control certain sources of variation
by taking additional observations on each of the experimental units. Let us suppose that in an
experiment, y is the response variable and x is another variable which is linearly related to y.
Moreover, x cannot be controlled by the experimenter but can be observed along with the y’s.
The variable x is called the covariate / concomitant / independent / ancillary variable. In

ANCOVA, we adjust for the variation in the response variable (y) for the linear regression



(effect) of the independent variable (x). If this is not done, then the error mean square will be
inflated due to the linear effect of x, thus making it difficult to detect the true differences in the
response variable. ANCOVA procedure is a combination of the Analysis of Variance
(ANOVA) and the regression analysis. Whenever it is possible to take additional observations
on one or more the variables from each of the experimental units in the design along with the
response variable under study, the ANCOVA technique has proved to be useful in many fields

of research.

Some examples of ANCOVA are:

e Suppose we want to compare the effect of some rations (diets) on the weight of animals.
We can analyze the data by performing the ANCOVA by regarding the final weight of the
animals taking the ration, after a specified period as the response variable (y) and the initial
weight of the animals at the time of starting the experiment as the concomitant variable
(). To ensure that the real differences in the final weights (y) are due to rations, we must
adjust for the linear effect of the initial weight (x) on'y.

e Suppose we want to compare the differences in the strength of the filament fibre (y)
produced by different machines. Obviously, y depends on the thickness (x) of the fibre-
thicker the fiber, stronger it is. The effect of the thickness (x) on the strength (y) can be
eliminated by performing ANCOVA between the response variable (y) and the
concomitant variable (x) for testing the differences in the strength of the fibre produced by
different machines.

e In plant breeding experiments, suppose an equal number of seeds are sown per plot but at
the time of harvest, the final number of plants in each plot will not be same due to certain
reasons like non-germination of certain seeds, early death of certain plants, attack by
birds/cattle etc.) and will vary from plot to plot. The yield (y) of a crop from different plots
may depend on the number of plants (x) per plot. To study the real differences between the
yields, we adjust for the linear effect of the number of plants per plot by performing
ANCOVA by regarding the yield per plot (y) as the response variable and the number of

plants per plot (x) as the concomitant variable.

Note: The concomitant variable need not necessarily be measurable. Even if it is a quality
characteristic which cannot be measured quantitatively., intelligence, poverty, indifference,
good/bad, presence/absence etc., but can be suitably converted into numerical scores, the use
of ANCOVA results in a considerable increase in precision.



ANCOVA for One-Way Classification with a Single

34.1 Concomitant Variable in C.R.D. Layout

Let us suppose that we are comparing v treatments ti,t, .....t; i treatment
replicated r;, (i = 1,2 ... ... ....p) times so that n = };;_, r; ,is the total number of experimental
units. Further suppose that the experiment is conducted with a CRD layout.

Suppose that along with the response (dependent) variable y we consider a single
concomitant variable x. then the linear ANOCOVA model will consist of the sum of two
components-one is the same component as in ANOVA and the second component is due to the
regression of y on the concomitant variable x.

Then assuming a linear relationship between the response variable(y) and the
concomitant variable (x), the appropriate statistical model (for fixed effects) for ANOCOVA
for CRD with one concomitant variable is given by:

Yajp = w+ o+ B(xg) — X..) + e 1)
Where,
u is the general mean effect
a; is the (fixed) additional effect due to i" treatment (i=1,2,....p)
B is the regression coefficient of y on x
x;; be the concomitant variable corresponding to the response variable y;; and
e;; be the error and e;;~N(0, 62)

Obviously ¥ a; =0

Estimation of Parameters

Here the residual sum of squares is given by
SSE=Y;Y el =2iXiap —m—a —B(xgy — £..))? (2)
To estimate we need

d(SSE) _ 0 d(SSE) _ 0 d(SSE) _

ou da; aB 0

On solving this equation, we get
L=3y. @)
=G50 = B —%..) @)

)



Also

(SSE)
B

i X 0ap = Vo) — G —y..) + B((x. —%..) = Blxay — % )] (xap —%..) =0

% lap =% = Bl — %) (xap — %) =0

XiXiap — Ve — By — T — %) + (£ —%.)] = 0

2 0ap - T Ccap — B)] + Sa B 0ap — Fo) @ =) — B[R X(xy — )" -
% (e — B (E %) = 0

S0 = Fo) G — FD] = BLiZ(xy — %) =0

2i il -y (xaH—%i)l
i (- fi-)z

B =
Now let

Egry = 2i 2j(xij — fi-)z

By = %% — 7))

Exyy = i 2i[0ap — ) (xajpy — %)
Eeyy = 2 2y — %) Oy — W)
Toex) = 20y (0= %..)?

Tiyy) = 20 = 5..)?

Tayy =20 = y.. ) (X— X..)

T(xy) = n; (f_ f)(ﬁ_ 37)



I _\2
E ex) = ZiZj(xij - X)
’ ~\2
E'(yy) = 2 2i(vij — 7.)
E'yy = 2i il — ¥ ) (X — X..)

E' ey = 2i 2j(xap — %) Oy — Y--)

Therefore,
B _ E (xy)
E (xx)

The value of a;,u and 8 on putting in model 2) we get the unrestricted residual sum of square

obtained for the above model is:
SSE=Y.%[yup — ¥--) — Bh.—¥..) + B((x. —%..) — B(xqpy — %..)]1> =0
SSE =% %/ [(vapy — W — B(xajy)—%:.)12=0

SSE=Y%;%(vij — 37i.)2 + B2 (xajy — % )1 = 2B X (xjy — %) Wy — V) =0

(Exey)) z 2+E
Etyy) + ( ) ) * E(yx) — ( (xy)) * Exy)

E(xx) E(xx)

SSE = B, — (Fe 5
) (5)

E(xx)

SSE has n — p — 1 degrees of freedomie., (n—1)—-(p—-1)—-1=n—-p—-1

Here the null hypothesis H, is such that all the effects due to different treatments in the
presence of concomitant variables are same i.e.
Hyiap =z =+ ...=0, =0
Under H, the model (1) reduces to:
yap = m+ B (xap — %) + e (6)
And the error sum of square under H, is given by:

SSEx=Y; Y el = ZiXilap —n—B'(xap — %)



For find the estimate p and B’ we need:

9(SSEx) _ 9(SSEx) _ 0
aw ' a8p

9(SSE*) _

ap 0

= y.
and

6(;‘;]’5*) = ZiZj[()’(ij) — K- B'(x(ij) - f--)] (x(ij) - JE..):O

2 Xl = 7-) = B'(xap — %) (xj — %.)=0

Yi X0y = - (xap — %) = B (xap — f--)zzo
B =i Xilvapy — ¥ ) xap — %)/ Zi T — x_z-)z
B, = EExy)/E’(XX)

Same as doing the previous procedure we can find SSE* i.e., the restricted residual sum of
square (i.e., residual sum of square under H,) is:
N2 5, _ _
SSE x= Y %i(yij = 7.) =B ZiX;jCxap — %) Wy — 5--)
/2

E(xy)

= E ! —
(v'y) Ele

Degree of freedom for SSE *isn—1—-1=n—2

Thus, the sum of square due to treatment is:
SST = SSE* — SSE
Degrees of freedom for SST = degree of freedom for SSE™ - degree of freedom for SSE
=n—-2-n—-p—-1)=p-1
MST = (§ST)/(p — 1), MSE = (SSE)/(n—p — 1),
The appropriate test for testing H, is based on the test statistic F is given as

—_ (a)
F = MST/MSE~Fp_1’(n_p_1)

And H, is rejected at level of o * 100% if Fp(‘f)l,(n—p—l)’ otherwise H, is accepted

ANOVA Table for One-Way Classification (CRD Layout)



Sources of Degree Sum of Square Estimate | Adjusted | Adjusted
variance of 5S(xx) | SP(xy) | SS(yy) | OF B 5S¢, | Degree of
freedom freedom

Treatment p— 1 T(xx) T(xy) T(yy)

Error n—p E(xx) E(xy) E(yy) m SSE n—p-— 1
E(xx)

Total n—1 E,(xx) El(xy) E,(yy) Er ey SSE* n—2
E7(xx)

Difference SSE*- p—1

(Total — Error) SSE

ANCOVA for Two-Way Classification with a Single
Concomitant Variable in R.B.D. Layout

3.4.2

Suppose that we are comparing p treatments and each treatments replicated g times, so
that n= pq be the total number of experimental units. Further suppose that the experiment is
performed with a RBD layout. Here linear model will be

Vi =u+a+6;+B(x;;—x) +e; 1)
Where,
u is a general mean effect
a; is additional effect due to it" treatment over general mean effect
6; is additional effect due to jt" block over general mean effect
B is the regression coefficient of y on x
x;; be the concomitant variable corresponding to the response variability

e;; be the error and obviously.
iy =%;8,=0

Estimation of Parameters

Here the residual sum of square is:

SSE =Y %el;y = XiXi(yy —n—o; —6; — B(x;; — f“)z )



To estimate y, o;, 8 jand B we need:

O(SSE) _ ~ 0(SSE) _ . O(SSE) 9(SSE) _ 0
ow oy ' 06 ap

i)

d(SSE) _
Now, o ZZiZj[Yij —pu—o— 0 —B(x;; — x)](-1) =0

S iV Nl M XN~ 60— B Y (X — %X..)=0
= Xi2jYij —pqr—0-0-0=0
1
= U= EZiijij
=0=y.
Again

d(SSE)
a(Xi

=22 2l —w—a; —8; = B(x;; — x..)] =0
=2y~ Xju— X — 20 —BYi(x;— x.)=0
= XjYVij—qi—qa—0—qB(x; — x..) =0

=y -i-BE, —x.)=«a

=& =, —7) - Blxi— %.)

Similarly

0,=(;-7)-Blx; - %.)

Again

3(SSE) IR - _ _
o = 22iXjlyi; — - & -6 - B(xy — X)) — %) =0

= X0y = 7))~ G —¥) + Bl — %) — (0 —F) +Bx; — %) -
B([(xqjy — % )](x;;— %..) =0

= LiXilap = =¥+ ¥ ) — X% =%+ %) = BEi Xj(xap X —%; +
)= Ty — Yo =Y+ MG — 2)(x;— %)= BUE(xap X —

T+ %)% — %.)(x;— %)} =0



= XiXjlap = =V, + 5. )y — % =X+ X)) = B Xi(xqp X — X, +
. =YXl — 7 =V, VN — 2 )+ XX ey — T — Y, +

B XX —x, X ){(x — X))+ B (e X — X, +

x|

y.o)(x;—
X.)(xj—x.) =0

= XiXilOap = =V, 4y )y — X =X+ %) —BU Xi(xap — X — X, +
%.)2=0

Other term will be vanishing because the sum of deviation about mean is zero.

B _ ZiZjlyap— V. -V 4y ) ((xp— X —X+X.)
i X ()= X —X +x.)2

Let
Exe = Y30 — % — %, + %)
Eyy =35y — 5u- 5;+5.)
Eyy = XY — % — %+ )0y =i~ ¥+ 7
XY= Y= Yty ) - B X+ E)
T = pY;(%; - %) = q (& - £
Tyy =p2(7;-7.)
Tey =p 27— 7)(F — %)
=pY(E; - %)F;—7.)
Ery = X3 (x;; = %;)°
Eyy =380 — 7,)°
Eyy = $5(x; — %) 0y — ¥.)
Therefore,

5 — Exy
ﬁ Exx



Substituting the values of f, @;, 671 and B in equation (2) we get,
SSE =33y~ 5.~ G —7) + B~ %) = (7, - 7) + f (£, - 2) = By - %]
=S8 =5~ 7 +7) =Bl — & — %+ 2)]
= S5 = 5 = +7) + B — %~ %+ %)~ 2B(yy — 5~ 7 -
)7..)(xij — X —X;+X)

—p, 4+ g By, p
= By tgg ¥ e o Bay

Ef
SSE = E,,, — =%

Exx

Degrees of freedom for SSE = d.f. for total - d.f. for treatment-d.f. for blocks- d.f. for g

Degrees of freedom for SSE = (n-1) — (p-1) — (g-1) -1 = (p-1)(g-1) -1

Under null hypothesis H,: All treatments effects are equal i.e., a; = 0

=~ The model 1 becomes:
yij = u + Hj + ,B’(xij - f) + e{kj
Thus, the restricted error sum of square under H, is given by:
. , - \12
SSE* =Y ¥ilyij—u—6; — B'(xi; — x)]
For finding the estimates of u, 8; and ' we need.

OSSE™ _ (y OSSE" _ OSSE* _
ou  ’ ae; ' apr
JSSE™ .
Now i 0 from this we get:
=y,
Again
O0SSE™

26, = 22y — - 0 —B'(x;j—x)] =0
=Yy — 2y — i — B Ti(xij—%)=0

20 =0[;-7)-B &, —%)



=0 =(5,-7)-p(x;—-%)
Again,

JdSSE™
ap’

> XXy =7 -G =5)+B(x; %)= B'(x;j = %)](xj —%) =0

= -2%.%lyij—Aa-0;— B’(xij —x|(x;j—x)=0

= Y X[ —vy) = B (i — )] (xij — %) =0

= %% (vi = 5,) = B'(xij — %)](xyy — %, + ;- %) =0

= %% = 7) (g = %) + Ze 2y = 9) (&) = £) = B Ze 2 — %) =
B Y% (xy —%;)(%;—%) =0

= %02y = 7,) (e — %) = B Ty, — %) = 0

o= 22(3/1;-37.;)(9_61/’—2’@') = By
2 %j(xi=% ) Exx

Now substituting the values of {1, ETJ and B in the restricted SSE* we get
SSE* = X 2l0ap — 7. — (7, - 5. ) + B(x; - %..) — Blagyy — %.)] 2
=2 Yiap —¥,) — Blxapy — % )] 2

=22 0ap —¥)? + B (xajp — %)) 2= 2BXi X vaj — V) (xaj — %))

S O R
TR yy Vg yy E' yx xy
SSE* = E,, — 22
yy Exx

Degrees of freedom for SSE* = d. f for total -d.f. for blocks-d.f. for {3
=@g-D-(@-D—-1=pqg —q -1
~ The Adjusted Sum of Square for Treatment is SST = SSE * —SSE
d.f. for SST = d.f. for SSE* — d.f. for SSE
=pqg—q—-1-(p-D@-D+1

=pq—q—pq+p+q-—1



:p—]_

SST _ SSEx—SSE

MST = — =
p—1 p—1
SSE
And MSE = 7 D@-D1

Now to test our null hypothesis H, ,we can make a test statistic given as:

F=2T r(p-1),(p-1(@-1) -1

MSE

IfF>F*(—1),(p —1)(qg — 1) — 1),then our null hypothesis is rejected and we conclude
that the treatments are effective(different), otherwise we accept the null and we conclude that

there is no significant difference among the treatments.

ANOVA Table for Two-Way Classification (RBD Layout)

Sources of | Degree of Sum of Square Estimate | Adjusted | Adjusted
Variance freedom of B 5S¢, |Degree of
SS(xx) SP(xy) SS(yy) freedom
Blocks q-l B(xx) B(xy) B(yy)
Treatment | p-1 Ty | Ty | Ty SSE
Error (-1)(@-1) | Exery | Eayy | Eoyy) | B = ? SSE (p-1)(g-1)-1
(xx)

Treatment | q(®—1) | E'ew) | E'ay) | 'y | p = 2w | SSE* q(p—1)

E"(xx)
+ Error -1

Difference SSE*- p—1

SSE

Example: In an experiment on cotton with 5 manurial treatments, it was observed that the
number of plants per plot is varying from plot to plot. The yields of cotton along with number
of plants per plot are given in the table below. Analyse the yield data removing the effect of
variation in plant population on the yield by analysis of covariance technique and draw your
conclusions. The design adopted was a RBD with four replications.
Treatments: 5 Levels of Nitrogen: No = 0, N1 = 20, N2 = 40, N3 = 60, N4 = 80 kg/ha

Yield of Cotton (Number of plants) per plot



Replicate-I N1 No Na N2 N3
12.0 (24) 10.5 (30) 27.0 (30) 16.5 (28) 25.0 (35)
Replicate-1l | N3 N2 No N4 N1
26.0 (40) 20.0 (25) 12.0 (25) 26.0 (22) 15.5 (28)
Replicate-111 | N2 Na N3 N1 No
22.0 (32) 30.0 (35) 20.0 (24) 20.0 (35) 14.5 (30)
Replicate 14 | N1 N3 No i N2
19.0 (26) 18.5 (16) 8.5 (24) 29.0 (30) 25.0 (35)

Solution: We set up the following hypothesis:

Null hypothesis:

HoT: 11 =12 = 13 = 14 = 15, I.€., the treatments are homogenous

Hor: b1 = b2 = b3 = by, i.e., the blocks or replicates are homogenous

Alternative hypothesis:

HiT: At least two T are different

Hir: At least two b; are different

We shall use the ANCOVA technique to test these hypotheses:

y: Yield of cotton per plot

X (Concomitant variable): Number of plants per plot

Calculation of Various Sum of Squares

Treatments Yield of cotton (in kg.) along with the number of plants per plot
Replication- | Replication- | Replication- | Replication- Total
| I i v
X y X y X y X y X y
No 30.0 |105 [25.0 |12.0 |30.0 |145 |240 |85 109.0 | 45.5
N1 240 |120 |[28.0 |155 |350 |[200 |[26.0 |19.0 |113.0|66.5
N2 280 |165 [250 |20.0 320 |220 |[350 |250 |120.0 835




N3 350 | 250 400 |26.0 |240 |200 |16.0 |185 |115089.5

N4 300 | 270 |220 |26.0 |350 |30.0 |30.0 |29.0 |117.0| 1120

Total 147.0 [ 91.0 | 140.0 | 99.5 | 156.0 | 106.5 | 131.0 | 100.0 | 574.0 | 397.0

In usual notations, we have n = pq = 5*4 = 20; G = Grand total of all the observations.

For x:
G(x) =574.0;n=20

2 2
Correction Factor (CF(x)) = [G(;‘)] _ [574.0]

=16,473.80

RSSyy = Xi XX = 30% + 25%4........ +352 + 302 = 17,086.00

Total SS (SSyx) = RSSxx — CF(x) = 17086.00 — 16473.80 = 612.20

147%24140%2+4156%+1312

Ryx = SS(Replications) = -

— CF(x) = 16541.20 — 16473.80 = 67.40

10924+113%24+120%2+115%241172
4

Tyx = SS(Treatments) = — CF(x) = 16491 — 16473.80 = 17.20

E, = SS(Error) = S, — Ry — Ty = 612.20 — 67.40 — 17.20 = 527.60

Fory:
G(y) =397.0;n=20

2 2
Correction Factor (CF(y)) = O [397(')0] = 7,880.45

n 2

— 2 _ —
RSS,, = %% y4 = 10.52 + 12.0%+........ +302 + 29% = 8,652.50

Total SS (SS,,) = RSS,,, — CF(y) = 8,652.50 — 7,880.45 = 772.05

912499.524+106.524+1002
5

Ry, = SS(Replications) = — CF(y) = 7904.70 — 7880.45 = 24.25

45.52466.5%2+83.5%2+89.5%2+1122
4

Tyy = SS(Treatments) = — CF(y) = 8504.75 — 7880.45

= 624.30

gy = SS(Error) = S, — Ry — Ty, = 772.05 — 24.25 — 62430 = 123.50



For product xy:

G(x) = 574.0, G(y) = 397.0; n = 20

G(X)G(y) _ 574.0 x397.0
n - 20

Correction Factor (CF(xy)) = = 11,393.90

RSS (Products) = RSSy, = XX xy = (30x10.5) + (25x12) +..... + (30 x 29)
= 11,704.00

Total SS (SPy,) = RSSy, — CF(xy) = 11,704.00 — 11,393.90 = 310.10

Ryy = SPyy(Replications) =

(147%91)+(140%99.5)+(156%106.5)+(131%100)

5

=11,404.20 — 11,393.90 = 10.30

Tyy = SPy, (Treatments)

_ (109%45.5)+(113+66.5)+(120+83.5)+(115%89.5)+(117+112)

— CF(xy)

= SPyy(Error) = Total SS (SP;y) — Ryy —

4

11,472.63 — 11,393.90 = 78.73

— CF(xy)

Tyy = 310.10 — 10.30 — 78.73 =

y
221.07
Sum of Squares and Products
Sources of | Degree Sum of Square MS,,, F(yy)
Variance of
freedom SS(xx) SP(xy) SS(yy)
Replications 4-1=3 R(xx) = R(xy) = R(yy) = 24.25 -
3
67.40 10.30 24.25 8.08
Treatments |5-1=4 | Ty = Tixv) = Tiyy) = 62430 _ | 156.08 _
(xx) (xy) ) e 029
17.20 78.73 624.30 156.08 15.17
Error 34=12 | By = |Eap=  |Eop= |EX=
12
527.60 221.07 123.50 10.29
Total 20-1= SS(xx) = SS(xy) SS(yy)
19 612.20 =310.10 | =772.05




We now adjust for variation in yield (y) from plot to plot for the linear (regression)
effect of the number of plants (x) per plot. An estimate of the coefficient of regression (B) of y
on X is given by:

f = Exy _ 22107 _ g 45

Exx  527.60

The adjusted (corrected) error sum of squares for y, adjusted for this linear effect is given by:

2

Adjusted Error SS fory = Adjusted (E,,) = E,, — [?Exy = E,y — Bxy”

Exx

221.07% — 30.80
527.60

= 123.50 —

(OR: BE,y = 0.4190 * 221.07 = 92.63)

The estimation of § results in loss of 1 d.f. for error sum of squares, which now becomes
12-1=11.

Next, the variation in treatments is also to be adjusted for variation in x. For this, we

prepare the following table for (Treatments + Error) sum of squares.

Sum of Squares and Sum of Products for (Treatments + Error)

Source of Variation | SS(x?) SP(xy) SS(y?)

Treatments Txx =17.20 Txy =78.73 Tyy = 624.30
Error Exx = 527.60 Exy = 221.07 Eyy =123.50
Treatments + Error E’xx = 544.80 E’xy =299.80 E’yy = 747.80

E'yx = Tyx + Ex E'xy = Tyy + Exy, E'yy = Tyy + Eyy
The Sum of Square for (Treatments + Error) for y is adjusted for linear (regression) effect of x
on y exactly similarly as the error sum of square and is given by:

_ (E’xy)z

Elxyx

SSE* = Adjusted S.S. for (Treatments + Error) fory = E',,,

(299.80)2
544.80

=747.80 — = 582.82

Finally, the Treatments S.S. for y adjusted for the linear effect of x on y is given by:

Adjusted (Treatment S.S.) for y = SSE* - Adjusted (Eyy)



= Adjusted (Treatment + Error) S.S. for y — Adjusted Error S.S. fory

=582.82 — 30.87 = 551.95
Adjusted Analysis of Variance Table

Source of Variation Degree of Sum of Squares | Mean Sum of | Variance
Freedom Squares Ratio

Treatments 4 551.95 137.99 Fr=49.11

Error 12-1=11 30.87 2.81

Treatment + Error 16-1=15 582.82

Tabulated F411y(0.05) = 3.36

Conclusion: Since the calculated value of Fr = 49.11 is much greater than the tabulated
(critical) value. It is highly significant. Hence, we reject the null hypothesis of equality of
treatment means and conclude that the treatments differ significantly as regards their effect on
increase of yield of cotton. Moreover, from the sum of squares table, we conclude that the

treatment N is the most effective, followed by N3, N2, N1 and No respectively.

3.6 Self-Assessment Exercise

1. An experiment was conducted to judge the effectiveness three drugs in reducing blood
pressure for three different groups of people. The data of the amount of blood pressure

reduction (in millimeters of mercury) is given as follows:

Group Drug
X Y z
A 14 10 11
15 9 11
B 12 7 10
11 8 11
C 10 11 8
11 11 7

Answer the following questions taking significant level of 5%
a) Do the drugs act differently?
b) Are the different groups of people affected differently?

c) Is the interaction term significant?



2. A manufacturer wishes to determine the effectiveness of four types of machines (A, B, C
and D) in the production of bolts. To accumulate this, the numbers of defective bolts

produced for each of two shifts in the results are shown in the following table:

Machine First Shift Second Shift

M T w Th F M T w Th F
A 6 4 5 4 5 7 4 6 8
B 10 8 7 7 9 7 9 12 8 8
C 7 5 6 5 9 9 7 5 4 6
D 8 4 6 5 5 5 7 9 7 10

Perform an analysis of variance to determine at 5% level of significance, whether there is
a difference between the machines and between the shifts.

3. Explain the process of assessing whether there is a significant interaction effect between
the two factors in a two-way layout with one observation per cell.

4. What do you understand by “Analysis of Covariance”? Illustrate with suitable examples.

5. Derive the Analysis of Covariance for a one-way layout (with one concomitant variable

only).

3.7 Summary

This unit provides an overview of the analysis of variance in two-way classified data
with m-observations per cell, how to perform Tukey’s Test for Non-Additivity for Two-way
layout with one observation per cell and conduct Analysis of Covariance (ANCOVA) for one-

way and two-way classified data.
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In Unit — 4 — Basic Designs, is being introduced the Terminology and basic Principles
of Design, CRD, RBD and LSD, analysis with missing observations.

In Unit — 5 — Factorial Experiments is discussed with 23, 2", 32 and 3% factorial
experiments with its analysis.

In Unit — 6 — Confounding has been introduced, Orthogonality, Complete and Partial
confounding, construction of confounded factorial experiments.

At the end of every block/unit the summary, self-assessment questions and further
readings are given.
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4.1 Introduction

In 1935 R.A. Fisher laid the foundation of the subject called Design of Experiments.
Applications of this theory are found in laboratories and research in natural sciences,
engineering and in almost all branches of social sciences. The subject matter of the design of
experiment consists of:

1) Planning of the experiment,
2) Obtaining relevant information from it regarding the statistical hypothesis under study, and

3) Making a statistical analysis of the data.

Experiment: It is a device or means of getting an answer to the question that the experimenter
has in mind. Experiment can be classified into two categories: (a) Absolute and (b)

Comparative.

(a) Absolute Experiments: This consists of determining the absolute value of some
characteristics like finding the mean of a set of data or finding the correlation coefficients

between two variables or finding the variability of a data etc.

(b) Comparative experiments: These are designed to compare the effect of two or more objects
on some population characteristic, e.g., comparison of different manures or fertilizers, different
diets or medicines in a medical experiment or standards of teaching in different educational

institutions etc.

Treatments: Various objects of comparison in a comparative experiment are called as different
treatments. For example, in field experiment different fertilizers or different varieties of crop
etc; in an experiment regarding comparison of standards of teaching in different institutions,
the different institutions will be the treatments, while in an experiment concerning effect of
different drugs on patients suffering from certain disease, the treatment will be the different

drugs used to cure them.

Experimental Unit: The smallest division of the experimental material to which the treatment
is applied and on which the observation of the variable under study is made is known as an
experimental unit. For example, in field experiment, the plot or land is the experimental unit.
In other experiments it may be a patient in a hospital, students of a particular class of an

institution, a lump of dough or a batch of seeds etc.



Blocks: In agricultural experiments most of the times we divide the whole experimental unit
(field) into relatively homogeneous subgroups or strata. These strata which are more uniform

amongst themselves than the field as a whole are known as blocks.

Yield: The measurement of the variable under study on different experimental units are termed

as yields.

Experimental error: The chance or non-assignable cause of variation is termed as experimental

error.

Replication: It is the execution of an experiment more than once, i.e. repetition of treatments

under investigation.

Precision: The reciprocal of the variance of the mean is termed as the precision or the amount

of information of a design. Thus, for an experiment replicated r times if x denotes the mean of

2
the observed values of yield, then, V(x) = ”7 where ¢? is the variance of each individual

1
V(@)

observations or error variance per unit. Then, Precision =

ul=

Efficiency of a Design: Consider two designs D, and D, with error variances o and ¢% and

replications r1 and r, respectively. Then, the precision of D; = % and the precision of D, = %
1 2

Efficiency of the design D, with respect to the design D, is defined as:

. 2
_ Precisionof D1 _ r1/07

"~ Precision of Dy B Tz/O'%l
If E =1, then both the designs D, and D, are equally efficient.

If E>1 (or E<1)then Dy is said to be more (or less) efficient than D,.

Uniformity trials: By uniformity trials we mean a trial in which the experimental material is
divided into small units and the same treatment is applied on each of the units and their yields
are recorded. By doing so we can have an idea about the uniformity of the experimental
material, for example in case of field experiment, the variation of the fertility gradient of the

land can be identified which will be helpful in the formation of the blocks.

4.2  Objectives




After going through this unit, you should be able to:

e Understand the principles of design of experiments

e Apply the Completely Randomized Design (CRD), Randomized Block Design (RBD), and
Latin Square Design (LSD)

e Estimate the missing value(s) in RBD and LSD.

4.3 Principles of Design of Experiments

According to Prof. R.A. Fisher, there are three basic principles of design of

experiments. They are:

Replication: As said earlier, replication is the repetition of the treatments under investigation.
This is done to average out the influence of chance factors on different experimental units.

Thus, repetition of treatments results in more reliable estimate than a single observation.

Randomisation: It is a process of assigning treatments to various experimental units in a pure
chance manner. This gives each treatment equal chance of showing its worth. The purpose of
randomness is to assume that the sources of variation, not controlled by the experiment, i.e.,
chance variation operate randomly so that the average effect of it on any group or unit is zero.

Local Control: The process of dividing a heterogeneous experimental material into
homogeneous groups or blocks is known as local control. For example, in an agricultural field
experiment, the whole experimental area (field) is divided into groups (blocks) row-wise or
column-wise or both according to the fertility gradient of the soil such that the variation within
each block is minimum and between blocks is maximum. The treatments are allocated within

each block at random.

4.4  Completely Randomized Design (CRD)

This design is based on the principle of randomisation and replication. In this design
treatments are allocated at random to the experimental units over the entire experimental

material.

44.1 Layout

Suppose there are k treatments and each treatment is replicated r4, 75, -+, r;, number of

times, then the whole experimental material is divided into n = ¥¥_, r; units and all the ¥¥_, r;



treatments are allocated to these n units completely at random. For example, suppose there are
3 treatments t4, t, and t3 which are replicated 2,3 and 5 times. Then the experimental material
is divided into 2+3+5= 10 units and the treatments are allocated at random to these 10 units as
follows:

t3 t t t )
t3 t3 t t3 t3
The analysis of variance of a CRD is exactly as that of a one-way layout.

Assumptions

The statistical analysis of this layout is based on the following assumptions:
1) All the observations are mutually independent.

2) Different effects are additive in nature.

3) ejj’s are i.i.d. random variables each following N(0,062);j = 1,2,--,n;,i = 1,2,---, k.

4.4.2 Analysis

Suppose there are k treatments and each treatment is replicated r4,7;, -+, r, number of
times, then the whole experimental material is divided into n = $*_, 7, units and all the ¥_; r;
treatments are allocated to these n units completely at random. Let these n observations be

denoted as yl.].,(i =1,2,-,k;j = 1,2,---,1;). Then the observation table is as follows:

Treatments Observations Total Mean
11 12 T1 _ Zy ' 3’1._ r_l
y1T1 ' ]’:1 1]
T
2 y21 y22 erz 2 y _ T_2
TZ. = Zyzj 2. )
j=1
i yil in yir» T y _ T
i T, = V.. i T_L
=




k yk]_ ykz eos 000 s00 ses ses oo ykrk B Tk yk _ T_k
Ty = Zykj C Tk
j=1
TOtaI T :2?=1 Z]n:l yij 7 = ’%

The mathematical model is given by
yij = U + eij;j = 1,2, "',T'i,i = 1,2, ,k,
where p, is the average effect of the i™™treatment which can be split as:
. . 1
wo=ut+ p—p=p+ agwithay=p—p i = 12, kand p =3l i,
Hence,
Yy TRt aiteyj =120 = 12,00k 1)
Where,

Yy is the j observation of i treatment; j = 1,2, -+, 1, i = 1,2,---,k,

u is the general mean effect,

a; is the additive effect due to i"*treatment

e; is the error effect due to chance and these are assumed to be i.i.d. random variables each
following N(0,62);j = 1,2,-+,1;,i = 1,2, ,k.

The side condition is ¥y r;er; = ¥y ri(p, — 1) = nuw — nu = 0.

The null hypothesis to be tested is:

Ho: The groups do not differ significantly or have no additive effect due to different groups. In
other words, a1 = a, = -+ = a, = 0.

Summing (1) over j and dividing by r;, we get:

y; =1 rglyij=u+ a;+é,vi= 1,2, k, 2

. - Ti ']
where e; = %2;21 e;; are i.i.d. random variables each distributed as N (0, a2 /n;).
Summing (1) over i and j and dividing by n, we get
— _1 7 _ — _ —
y_.zgzi'{:lzj:lyij_u-i- e =ute, (3)
wheree = %Zﬂ‘:l 2;1;1 e;j are i.i.d. random variables each distributed as N (0, a2 /n).

Now the total variation in each observation is given by the total sum of squares as:




| \2 o 2
TSS. =S Nl (v, - ¥) =S (v -y + v, -7,
2 . _ 1\
= Z?:l Z;L:l(yl - y) + Z{'czl Z]rlzl (yij - yi. )

— —\2 ) _\2
=y, - ¥) + IS (v, -7 )
OrT.S.5.=S.5T. +SSE,

2
Where, T.S.S = Total sum of squares = Zﬁ-‘;lz;.":l (yl.]. -y ) ;S.S.T = Sum of squares due to

treatments = Z{-;lrl-(yl._ - 7_.)2; and S.S.E = Sum of squares due to error or residuals =

Z{y:1 Z]rlzl (yi]‘ - 71‘. )2'

Degrees of Freedom

T.S.S = Total sum of squares = ¥, Z]r-;l (yl.j - 7")2 is computed from n quantities of the form
(yij — 7__) with one constraint Z{-‘:lzjr.i:l (yl.]. — 7_.) = 0. Hence, T.S.S will have n — 1 degrees
of freedom.

S.S.T = Sum of squares due to treatments = ¥, (7, — 7._)2 is computed from k quantities of
the form (¥, — ¥ ) with one constraint Y, r;(¥, — ¥ ) = 0. Hence, S.5.G will have k — 1
degrees of freedom.

2
S.S.E = Sum of squares due to error or residuals = 2{-‘212;;1 (yl.]. -y ) is computed from n

quantities of the form (yij - 71.) with k constraints ¥, er.i:l (yij -y ) =0. Hence, S.S.E will
have n — k degrees of freedom.
Mean Sum of Squares

The sum of squares divided by its degrees of freedom gives the corresponding mean sum of

squares. Thus,

Mean Sum of Squares due to Treatments (M.S.T.) = %
Mean Sum of Squares due to Error (M.S.E.) = 222

4.4.3 Least Square Estimates




In the mathematical model (1), p and «;,i = 1,2,--+, k are the unknown parameters
which have to be estimated by the principle of least squares. Hence, we consider the sum of

squares due to errors, which is given by:

2
SSE=YL, ¥l ek =X 3L (v, —u— ) (4)
Differentiating (4) with respect to u and «; and equating to zero individually, we get

constant w.r.t.x = =235, XL (v —pu — ;) =0
=¥y (v, —u— a)=0

= Yk 121 1Yij=nut YK rna;=nu [ ¥¥ , ra; = 0 by side condition.]

Hence, the estimate of u is given by:

ﬁ:%Z{'{:lZ;izlyij:y..

=02 —2YL (v —p— @) =0i= 1.2,k
=¥ (v, —u— a)=0
:Z;izlyij =ru+ ra,

~ _ 1 ar; ~ = _
ﬁai_r_i j=1yij_ U=y, =y

Variance of the estimates

Wehavei=y and@; =y, — y

V(i) =E[y. — EG)I*=Elu+eé — pl>=E[e]*= E(e?)
= v(e)=2

Also,wehave @, — E(@) =y, —y — EJ, — )
=putate —p—e — E(utate—pu—e)
=ate —e —a

=e . —e,

Hence, V(&;) = E[&;, — e ]*=E[&] + &% —2¢;2]



=E(e}) + E(e?) — 2E(¢.e)
Now, E(e; €.) E(—Z] 1 Uk 12 1€ij)
1
:WE[eﬁ t+ept+ ot el ]t E[Z 1€ Xhpimi(en + -+ ehrl-)]

_ﬁE[ A+ ep+ -+ el ]since E(e;jen;) =0 for h # i;

1 2
W E(el])_kszllv(el])_ero—gz;::l

2 2 2 2
Hence, V(&) = =+ 22— 2% -”"(1——) +

kn; 1 n

In particular if all treatments are repeated the same number of times, say equal to r, i.e., if

ri=r,Vi= 1,2,---,k,thenn=rkand

V(& :073(1_2)4_ %z 073(1_%_'_ 3):(1«;1)05

Expectation of Sum of Squares
We have YTt aptej =120 = 1.2, k;

— 1 i _ _ i
Vo= LYy =Ht @ +é,Vi= 12,k and

y =ute,
Then:
E(y}) =EW* + af + el + 2ua; + 2ue;; + 2a;e;))
=E?) + E(a}) + E(e}) + 2uE(a;) + 2uE(e;;) + 2E(a)E(e;))
=u?+ a? + o2 + 2ua;
E(GH =EW?+ a? +é? + 2ua; + 2ué; + 2a;é;)
=E(u*) + E(a}) + E(€}) + 2uE(a;) + 2uE(&;) + 2E(a;)E (&)
=y + a? + - % + 2ua;

E@*) =E(u*+ &>+ 2ue)



=E(?) + E(€%) + 2uE@) =+ &
E(SS.G) = EX i n(F. — 7.)%}
= E{XL nyt — ny?)
=Y rEQF) —nEGY)
:Zﬁ‘zlri(u + a? + = % 4 2,ua) n(u2+%‘%
=nu® + Zl riaf + kol + 2#2?:173“1'_ nu® — of

=X riaf + (k—1)o?

S5.5.G

OrEM.S.G)=E (7=

)—(k 1)21 (ria? + o’

Now E(S.S.E) = E{S, X7, (v — 7))
= E{XF 121 13’1] vty
=3k, Z;Ll E(yl.zj) — Y rE@?)
=SS+ @F + o + 2ua) — S+ o + Z 4 2pa)
=np? + T naf + nod + 2u¥ g ria — np® — N riaf — kot —
2uyr  ria;
=(n—k)o?.
OrEMSE)=E (3£) = 2.

Thus, under Ho, @y = @ = --- = a;, = 0. Hence, E(M.S.T.) = 05 = E(M.S.E.).
Also, under Ho, S.S.T. follows a y? distribution with k — 1 degrees of freedom and S.S.E. follows

a x? distribution with n — k degrees of freedom.

SST/(k—=1) _ M.ST

SSE/(n—k) _ MSE which will follow a

Hence, for testing Ho, the test statistic is given by F =

central F distribution with k — 1 and n — k degrees of freedom.

4.4.4 ANOVA Table




Sources of | Degrees of | Sum of Squares Mean Sum of Variance
Variation | freedom Squares Ratio
Treatments | k-1 SST=2EanG - 7)? MST=L  |[F=iSh
k-1 M.S.E
Error n—k ; = \? — SSE
S'S'E':Z{'czlz:;:l (yij -V ) M.S.E. n-k
Total n-1 ; —\?
TSS. =5l 3 (v, - 7))

If F> F_1n-k (@) then Ho is rejected at a% level of significance and we conclude
that treatments differ significantly, Ho may be accepted. If the calculated value of F is greater
than the tabulated value of F at k — 1 and n — k degrees of freedom, then reject the null
hypothesis Ho.

If Ho is rejected in that case, we proceed further to find out which of the treatment
means differ significantly. For this, we find out the “Critical Difference (CD)”, i.e., the least
difference between any two means to be significant.

S.E. of the difference between any two-treatment means is:

C.D.= ’Z*A:SE X [to.025(for errord.f.)] = IZ*A:SE X tq.r.(0.025)

Where, r is the number of times a treatment is replicated.

If the critical difference is greater than the absolute mean difference between any two
treatment means, then that pair of treatments differ significantly.

4.4.5 Advantages and Disadvantages of CRD

Advantages

CRD has several advantages which are given below:

1. Itis easy to layout the design.

2. This design is very useful to conduct small experiment.

3. In certain type of laboratory experiments where the experimental units are homogeneous.

4. In this design we have complete flexibility on diving number of treatment and their
replications. This procedure simplifies the analysis of data when observations of such
experimental units or an entire treatment are missing.

5. The CRD provides the maximum degrees of freedom for the estimation of an experimental

unit.



Disadvantage

1. In this design, the third principle of design of experiment i.e., principle of the local control
iS not used.

2. The design is rarely used in the field experiment because practically the plots are

homogeneous.

Example: A set of data involving four “tropical feed stuffs A, B, C, D” tried on 20 chicks is
given below. All the twenty chicks are treated alike in all respects except the feeding treatments

and each feeding treatment is given to 5 chicks. Analyse the data.

Feed Gain in Weight
A 55 49 42 21 52
B 61 112 30 89 63
C 42 97 81 95 92
D 169 137 169 85 154
Solution:
Feed Gain in Weight Total Ti
A 55 49 42 21 52 219
B 61 112 30 89 63 355
C 42 97 81 95 92 407
D 169 137 169 85 154 714
Grand Total G =1,695
The null hypothesis, Ho: a1 = a; = -+ = ay, i.e., the treatment effects are same. In other words,

all the treatments (A, B, C, D) are alike as regards their effect on increase in weight.

Alternative that all Hi: At least two of ' are different.

Raw S.S. (R.S.S.) =Xk ¥/, y,2 = 552+49° + ... +85%+ 154° = 1,81,445
2 2
Correction factor (C.F.) = % @ =1,43,651.25

Total S.S. (T.S.S.)=R.S.S. - C.F. =1,81,445 - 1,43,651.25 = 37,793.75

2 2 2 2
Treatment S.S. (8.8.T)=12 Lt _CF

— 47,961+1,26,:25+1,65.649 —1,43.641.25 = 26,234.95

Error S.S. = TSS - SST=37,793.75 - 26,234.95 = 11,558.80

ANOVA Table



Sources of | Degrees of | Sum of Mean Sum Variance Ratio
Variation | freedom Squares of Squares Fca. Frab.
Treatments | 3 26,234.95 8744.98 Fr= 8772424;}928 = | Foos@ e =
Error 16 11,558.80 722.42 12.105* 3.06

Total 19 37,793.75

Here, Fr > Foos(3,16), hence Fr is highly significant and we reject Ho at 5% level of
significance and conclude that the treatments A, B, C, and D differ significantly.

Since Ho is rejected in this case, we proceed further to find out which of the treatment
means differ significantly. For this, we find out the “Critical Difference (CD)”, i.e., the least
difference between any two means to be significant.

S.E. of the difference between any two-treatment means is =

2x722.42

x212=1699x2.12 = 36.018

C.D.= \[(2s2/7) X [tg.025(for errord.f.)] =

The treatment mean effects, arranged in descending order of magnitude, are given as:

Treatment Mean gain in weight Difference
D 142.8 142.8-81.4 =614 37.6*
C 81.4 81.4-71.0=104
B 71.0 71.0-438=24.2
A 43.8

Comparing these differences with the C.D., we find that:

i. Treatment D differs significantly from each of the treatments A, B and C,

ii. The treatments A and C also differ significantly, and

iii.  All the remaining differences are not significant.

Conclusions - Treatments A, B, C and D are not alike. The highest treatment mean effect is
142.8 due to the feedstuff D. Hence if a choice is to be made among the four treatments A, B,
C and D, treatment D is the best and most effective. Moreover, if a choice is to be made between
A and C (which differ significantly), the treatment C is to be preferred since the average gain
in weight due to treatment C is more than due to the treatment A. all other possible combination

of treatment pairs is alike.

45  Randomized Block Design (RBD)




In this design all the three principles of design of experiment are used. If the
experimental units are heterogeneous, the CRD is not used. In that case the variation among
units affects the test of the significance of the treatment effects. The design which enables us
to take care of the variability among unit is the RBD.

Suppose we wish to compare the effect of p treatment; each treatment being replicated
an equal no. of finite say . then we need n = pg experimental units. These units are not perhaps
homogeneous. In RBD the first step is to divide units into g parts or more homogeneous group
and each group or block we take as many units as here are treatments. Thus the no. of block is
equal to the common replication number. The same techniques should be used to the units of
the block. The variation in technique should be made between the blocks. Ex: In this field
experiment if the fertility gradient is present, then it is advisable to place the blocks across the
gradient in order to get homogeneous material for a block and to obtain the major difference
among blocks. The second step is to assign the treatment at random to the unit of the block.
This randomization has to be done for each block. However, in CRD randomization was
restricted with in a homogeneous block. In this design each treatment will have same number
of replications if we want to additional replication foe some treatment, then each of these may

be applied to more than one unit in a block.

45.1 Layout

Suppose we have 5 treatments and each treatment are replicated 3 times, so we need 15
units, which are to be grouped to 3 blocks of 5 plots each. We numbered the treatments the unit
in a block and by following any method of drawing a random sample we get a random
permutation of digits from 1 to 5 say 4,3,1,5,2. For block 1% then we apply treatment number
1 to unit 4, treatment number 2 to unit 3 and so on and finally treatment number 5 to unit 2,

similarly we find another random permutation for block 2" and so on for other blocks.

4.5.2 Analysis

The analysis of this design is same as that of two-way classified data with one

observation per cell. We use the following fixed effect model:
yij: H +ai + ﬁ]’+eij (1)
Where Vi is the value of j" unit receiving the i treatment, i is the general mean effect,

a; is the additional effects due to i treatment over general effects, ﬂj is the additional effect



due to the j™ treatment over general effects and e;;be the experimental error corresponding iji
cell.
The model is based on the following assumptions:
i. All the observations are independently distributed.
ii. Different effects are additive in the nature.

iii.  The error e; are independently and identically distributed with mean u and variance e’

i.e., eij~N (0, ce2).
Here we are to test the equality or homogeneity of the different levels of factor A as well

as different levels of factor B, thus our null hypothesis are:

Hog= = W= .ooonnin, =, =H Fai=az =...... a, =
Hop=p = Wy=.coonii. =W,=H =B=B,=...... ﬁq =
Against:

H, 4= Atleast two means are not equal.

H,p= Atleast two means are not equal.

45.3 Least Square Estimates

To test the above hypothesis, we find the least square estimates by minimizing the

residual sum of squares as:
S=YiXei? = TiX;(ij — ai — fj)?
The normal equations are:

-0 95-09 %_
an "' dai ' 9Bj

And we get the following estimates:

a=y.
ai=yi-y.
B=V.i-y.

Now substituting these values of the estimates in linear model (1), we get:

Y=Y 4 0, =¥+, =Y+ vy, + )
Now squaring both sides and summing over all observations, we get:
YiXii =)=l - V) AN - Y)Y - vi—y + Y



Since the product term will be vanishes:
X — V) =aXi — V)P Xy — V)AL Y0 — vy + V)P
TSS = SSA + SSB + SSE

Total Sum of Square = Sum of Square due to Factor A (Treatment) + Sum of Square due to

Factor B (Blocks) + Sum of Square due to Error

Degrees of Freedom

TSS has n-1 degree of freedom

SSA has p-1 degrees of freedom

SSB has g-1 degrees of freedom

SSE has (p-1) (g-1) degrees of freedom.
Thus d.f. is also additive in nature.

Mean Sum of Square

Dividing the sum of squares by its degrees of freedom, we get corresponding variance or mean

squares, therefore,

Mean Square due to factor A (MSA) = ;%

Mean Square due to factor B (MSB) = ji_li

Mean Square due to error (MSE) = — >0
(r—D(q-1)

F-test Statistics

The F-test statistics for factor A; Fa = %

If Fa < Fp-1), p-1)(-1), then our null hypothesis Hy, is true and we conclude that, there is no

difference among factor A, otherwise reject.

MSB
wsg T, e-nE

The F-test statistics for factor B; Fg =
If Fg < F(g-1), (0-1)(g-2), then our null hypothesis Hp is true and we conclude that, there is no

difference among factor B, otherwise reject.



454 ANOVA Table

Source of | Degrees of | Sum of Variance Ratio

o Mean Sum of Squares
Variation | Freedom Squares Fcal. Ftab.
Factor A | p-1 SSA MSA= SSA/p-1 Fa=i2 | Fu, g0

F-1), (p-1) (o1

FactorB | g-1 SSB MSB= SSB/g-1 Fg =S8 | TEDODED
Error (p-1)*(9-1) | SSE MSE= SSE/(p-1) (g-1)
Total n-1 TSS

If FA < F(p-1), (p-1)a-1), then our null hypothesis Hg4 is true and we conclude that, there is
no difference among factor A, otherwise reject.

If Fe < F(g-1), (p-1)g-1), then our null hypothesis Hjp is true and we conclude that, there is

no difference among factor B, otherwise reject.

If Fa is significant, to find which pairs of treatment means differ significantly, we
arrange mean yields in descending order of magnitude and then test for the significance of the
pairwise differences by comparing them with critical difference:

2xMSE
r

CD.=

X [to.02s(for errord.f.)]

Where standard error (S.E.) of the treatment mean is given by: S.E. (t;) = SE/\/;; (i=1,2,..1

455 Advantages and Disadvantages of RBD

Advantages

RBD has the several advantages which are given below:

1. This design is very flexible.

2. Itis applicable to a moderate o. of treatments.

3. If we need extra replication for some treatment, there may be applied to be more than unit
per block.

4. It also enables us to use different techniques to different block.



5. If any or all of the observation for particular block or treatment is missing, then we can

estimate the values of the missing observation and perform the test.

Disadvantages

1. The main disadvantage of this design is that if the blocks are internally homogeneous then
a large error term will amount.
2. If we increase the number of treatments, then block size is increase and in this case, we have

lesser control over error.

Example: Three varieties A, B and C of a crop are tested in a randomized block design with
four replications. The plot yields in pounds are as follows:

A (6) C (5) A (8) B (9)
C(8) A (4) B (6) C(9)
B (7) B (6) C (10) A (6)

Analyse the experimental yield and state your conclusion.
Solution: Let us take the hypothesis that variation between varieties and between blocks do
not differ significantly from the variance due to random error.

Calculation of Sum of Squares

Variety 1 2 3 4 Total
A 6 4 8 6 V=24
B 7 6 6 9 V=28
C 8 5 10 9 V3 =32
Total B1=21 B.=15 B3 =24 Bs=24 G=84
: G2 _ (84)2
Correction Factor = — = —— =588
N 12
2 2 2 2
Sum of Squares between Blocks (SSB) = w —CF
_ (21)2+4(15)2+(24)%+(24)? _cg88 = 18

3

VE+VE+VE

Sum of Squares between Varities (SSV) = —CF

_ (24)%2+(28)%+(32)2
4

—588 = 8

Total Sum of Squares (TSS) = [6% + 42+ 82+ 62 + 72+ 6% + 6% + 92+ 82 + 52 +
102 +92] — 588 = 36



Error Sum of Square (SSE) = 36 — (18 + 8) = 10

ANOVA Table
Source of | Degrees of Sum of Mean Sum of | Variance Ratio
Variation | Freedom Squares Squares Feal. Ftab.
Between | o120 8 8 4 F 5.14
-1= —=4 — =24 2, 6,0.05=2.

Varieties 2 1.667
Between 18 6

4-1=3 18 —=6 —— =36 | F36005=4.76
Blocks 3 1.667

10

Error (3-1)*(4-1)=6 |10 == 1.667
Total 12-1=11 36

In both the cases, i.e., for variation between varieties and variation between blocks, the
calculated value of F is less than the tabulated value, hence, the variances between varieties

and between blocks do not differ significantly from the variance due to random error.

4.6 Latin Square Design (LSD)

In RBD, the principal of local control used by grouping the unit in one way, i.e.,
according to the block. Grouping can be carried in two ways each way corresponding to a
source of variation among the units and get LSD. This design is frequently used in the
agricultural field experiment where the fertility contour is not always known. Then the LSD
eliminate the initial variability among the units into orthogonal direction. So, the LSD is also
used in industry and laboratory.

In this design, the number of treatment equal to the common replication number per
treatments as well as number of replications for each treatment. Then the total number of
experimental units needed for this design will be m?. These units are arranged in m rows and
m columns, then the m treatments are allocated to these m? units at random subject to condition
that each treatment occurs once and only once in each row and in each column.

The LSD is actually an Incomplete Three-Way Layout, where all the three factors, row,
column and treatment are at the same number of levels (m). For three-way (complete) layout
with each factor at m-level, we need m® experimental units, but in LSD, we use only m? units

out of m? as following:



Let us consider a 4x4 Latin square for comparing four varieties of a crop. This case, we
need 16 plots arranged in 4 rows and 4 columns. Let us represent the variety denoted by A, B,

C and D. The Latin square will be:

Rows Column
1 2 3 4

1 A B C D

2 B C D A

3 C D A B

4 D A B C

4.6.1 Layout
A n*n Latin square with n letters A, B, C, D, ........ , in the natural order occurring in

the first row and first column is called a standard square. For a standard n*n Latin square, we
may obtain n!*(n-1)! Different LSD’s by permuting all the n-columns and (n-1) row, except

first row. Hence, there are in all n!*(n-1)! Different LSD with the same standard square.

4.6.2 Analysis

Let yijx be the observation on the treatment combination, where the factor A is at the i*"
level, factor B is at the j™" level and factor C is at the k™ level.

For LSD, the linear model is given by:
yijk=u+ai+,8j+rk+eijk;i,j,k=0,1,2, ............. m
Where, ¥ a; = 3; ﬁ]. =Y, T = 0and ey are assumed to be independently normal with mean

0 and variance 2.

a, B, T denote the effect due to factor A or row, factor B or column and factor C or treatment

respectively.

Here, the hypothesis of the interest is that all the treatment effects are zero; i.e.:
Hoa: There is no significant difference among rows.

Hog: There is no significant difference among column.

Hot: There is no significant difference among treatments.

Against,

Hua: There is a significant difference among rows.

Hig: There is a significant difference among column.



Hit: There is a significant difference among treatments.

4.6.3 Least Square Estimates

To test the above hypothesis, we find the least square estimates by minimizing the

residual sum of squares as:

The normal equations are as follows:

dSSE _ ~. dSSE _ ~. dSSE _ ~. dSSE _
dpe ' da =0 dp =0 dt =0

We get the estimates as follows:

i=y
a=y, -y

B=%,-7.
T=Y,"7.

Now, substituting all these estimates in linear model of LSD, we have:
Y =Y. *0, =¥)+ O, =YI)+0, =V )+ Gy =5. ¥, =V, +25)
Yieg = V. =0, =)+ O, =VI)+O, =Y I)+ Gy =Y, Y, =V, +2Y)
Now, squaring both sides and summing over all observations, we get:
XXk — V) =Xk — V)AL Y kG — V)Y Yk — V)P -
XYk —Vi. =V —Vx+2¥)*
Since the product term will vanish, hence:
N2 L o o
XXXk —3.) =m* NG — 5 A mE G~ T A M I — V)~
_ _ _ _ —\2
Y XXk — Vi~V — Vi +25)
TSS = SSR + SSC + SST + SSE

Where,
Total Sum of Square (TSS) =X; ¥ Xk Vije — ¥.)?

Sum of Square due to Factor A or Row (SSR) = m?2Y;(y; — ¥ .)?



Sum of Square due to Factor B or Column (SSC) =m?¥;(y, — ¥.)*
Sum of Square due to Factor C or Treatment (SST) = m? Y, (¥ , — ¥.)?

Sum of Square due to Error (SSE) = ;¥ X Fijk — Vi, — V). — Y.k + 27.)?

Degree of Freedom

TSS has m?-1 degrees of freedom
SSR has m-1 degrees of freedom
SSC has m-1 degrees of freedom
SST has m-1 degrees of freedom
SSE has (m-1)*(m-2) degrees of freedom

In this way, we see that the degree of freedom is additive in nature.

Mean Sum of Squares

Mean Sum of Square due to Factor A or Row (MSR) = 3SR

m—1

Mean Sum of Square due to Factor B or Column (MSC) = %

Mean Sum of Square due to Factor C or Treatment (MST) = %
SSE

Mean Sum of Square due to Error (MSE) = DD

F-test Statistics

F-test statistic for Factor A or Row: F4 = % ~ F in—1),(m=1)(m=2),a

If Fy > F(m_1),n—1)(m—2),«» then our null hypothesis Hoa is rejected.

F-test statistic for Factor B or Column: Fp = % ~ F in=1),(m=1)(m-2),a

If Fg > F(n—1),0n—1)(m—2),a» then our null hypothesis Hog is rejected.

F-test statistic for Factor C or Treatment: Fr = Z—gg ~ F in=1),(m-1)(m-2),a

If Fr > F(sn_1),(m-1)(m—2),a> then our null hypothesis Hor is rejected.

4.6.4 ANOVA Table




Source of Degree of Sum of Mean Sum Variance Ratio
Variation Freedom Square of Square Feal. Ftan.
Row m-1 SSR MSR Fa Fm-1),m-1)(m—2),
Column m-1 SSC MSC Fs
Treatment | m-1 SST MST Fr
Error (m-1)*(m-2) SSE MSE
Total m? -1 TSS

If Fy > Fon—1),(m-1)(m-2),e then our null hypothesis Hoa is rejected.

If Fg > Fn—1),m—1)(m-2),«, then our null hypothesis Hos is rejected.

If Fr > F (—1),(m—1)(m—2),a» then our null hypothesis Hor is rejected.

Standard error (S.E.) of the difference between any two-treatment means is given by:

SE.@-)= [} E+D)= [@st/m)

And the critical difference (C.D.) for the significance of the difference between any two

treatment means at level of significance () is given by:

C.D. (t_l - t_]): Lierror d.f)) (%)X S.E, (t_l - t_]) = tm-1)(m-2) (0.025) x Y (ZSEZ;/T)’L)

4.6.4 Advantages and Disadvantages of LSD

Advantages
If we don’t have direction of fertility gradient, LSD provides to eliminate from the error,
two major sources of the variation that are not relevant to the comparison to y grouping the
units in two phases. Thus, LSD is an improvement over RBD in controlling the error. Since
LSD is an incomplete three-way layout, therefore we needed only m? observations out of m®.
Generally, in the field experiment, the plots are laid out in a square, but LSD maybe

used with the plots in continuous. Example: the fertility gradient in all along the line.

Disadvantages
In LSD, the number of replications must be same as the number of treatment and hence,

the square larger than 12x12 are seldom used, because the size of square becomes large,



resulting square does not remain homogenous, on the other hand, a small square provide only

a few degrees of freedom for error. Therefore, the standardized size for LSD, which are

commonly used are 5x5 and 8x8.

4.7 Estimation of Missing Values in Randomized Block Design (RBD)

There are some following ways :

4.7.1 One missing value in RBD

Let the observation yij = x (say), in the j™ block and receiving i treatment be missing

as shown in the following table:

Treatment Blocks Total
B1 B2 | ceeeeennnnn Bi | ceeeeeennn Bq

1 Y11 Y12 | ceveeneennn Vi e Yiq T1.

2 Yo1 177 2 Voi | eeeerenean Yoq To.

i Yit Vio | eeeececenn. Missing (X) | ceeeeennnnn. Yiq T’ +x

p Y1 VK2 | eeeeeecani N T Ypq To.

Total T1 T2 | eeveveennn T X | e Tq T=T".+x

Where,

T’i. — Total of known observation getting the i treatment
T’ - Total of known observation getting the j treatment

T’. - Total of all known observations

Now, we have:

RSS = XXy +x°

_ (TA0? (T4
n pq

TSS=RSS - CF

CF

T 2
TSS = x2 + constant w.r.t.x — et



SST = = [(T';, + x)? + constant w.r.t.x] - CF

Q| =

SSB = %[(T’_]- + x)% + constant w.T. t. X] — CF
SSE = TSS — SST - SSB

SSE = x* + constant w.r.t.x — CF — E [(T'; + x)? + constant w.r. t.x] - CF] -~
E [(T'; + x)? + constant w.r. t.x| — CF]

SSE = x2

(Tr.+x)?
n

[(T'. +x)?] — i[(T'_,- +x)?] + + constant w.r. t.x

1
q

To estimate x, we minimize the error. Thus, minimize the value of SSE we have:

B3 =020 - LT A 0] = (T + )]+ LT +0] =0

pkx —pT’i. —qT’j—pX—qx +x + T°.. =0
X(pk—p—-k+1)=pT’i. +qT°j—T" ..

p*T' + q=T'; =T
-1 x@-1)

X =

4.7.2 Two Missing values in RBD

Let two missing observations be x and y as shown in the following table:

Treatment Blocks Total
Bl cosesesee B] cesssesee Bq
1 yi1 vivveen | Missing (X) veeneeee | Y1g Ri1+ X
i Yi1 v | Y] veeeeee | Yig Ri
p Yki ceveeenee | Vi viereeee | Missing (y) Ra+y
Total Ta vieeeeen | G2+ X vieeee. | Coty T.=T".+x

Let R: and R> be the total of known observations in the row containing x and y
respectively and C; and C> be the total of known observations in the column containing x and
y respectively. Let S be the total of known observations as shown in the above table.



Now, we have:

RSS = zzyijz + x% + y?
j

i

_ (Stx+»? _ (Stx+y)?
n rq

CF

TSS = RSS - CF

(S+x +y)?

TSS = x? +y? + constant w.r.t.x — -

(S+x +y)?

SST = =[(R; + x)* + (R, + x)? ]| + constant w.r.t.x —

1

q

(S+x +y)?
n

SSB ==[(C; + x)* + (C; + x)? ]| + constant w.r.t.x —

S |-

SSE =TSS — SST - SSB
2
SSE = x?+ y? + constant w.r.t.x — @ — i[(Rl +x)2+ (R, +x)?] —

[(C1+x)* + (C, +x)* ]

SR

To estimate x and y we minimize the SSE. Thus, for minimizing the value of SSE, we have:

dS.S.E dS.S.E
=0 and —==0
dx dy
Now,
dSSE _

S0 22 = 2[R+ 0] ~ Z[(G+ 0]+ [(S+x+3)] =0
pgX — P(R1+Xx) — g(C1+x) + S+x+y =0
(Pg—p-g+1)X-pR1—-qC1+S+y=0

(p-1)*(9-1)*x =pR1+qC1 -S-y =0

P*R + q*xC; — S —y
-1 *(@-1)

X =

Cr=0=2y = 2R+ )] — 2G4 W]+ =[S +x+7)]=0

pay — p(R2#x) — q(Caoty) + S+ x+y =0
(Pg-p-q+1)y—-pRi-qC1+S+y=0

(p-1)(a-1)*y =pR2+qC2-S-y =0



p*Ry + q*C, — S — x
-1 *(@-1

y =

Solving these two equations, we get the estimations of x and y.

Statistical Analysis

Analysis of variance is performed in the usual way after substituting the estimated value of
missing observations. For each missing observations, one degree of freedom is subtracted from
total and also from error degree of freedom. The adjusted treatment sum of squares is obtained

by subtracting the Adjustment Factor from the SST, where adjusted factor is given as:

CeritT; 1)
— plp—1D(g—-1)?

Example: The yields of 6 varieties in a 4-replicate experiment for which one value is missing
are given below. Estimate the missing value and analyse the data.

Blocks Treatments

1 2 3 4 ) 6
1 18.5 15.7 16.2 141 13.0 13.6
2 11.7 - 12.9 14.4 16.9 125
3 154 16.6 15.5 20.3 18.4 21.5
4 16.5 18.6 12.7 15.7 16.5 18.0

Solution: For estimating one missing value in a RBD, the formula is

p*xTy + q*T'; = T,
P-D=*@-1

X =

Blocks Treatments Block
1 2 3 4 5 6 Totals (Bj)

1 18.5 15.7 16.2 14.1 13.0 13.6 91.1

2 11.7 - 12.9 14.4 16.9 12.5 68.4

3 154 16.6 15.5 20.3 18.4 21.5 107.8

4 16.5 18.6 12.7 15.7 16.5 18.0 98.0
Treatment | 62.1 50.9 57.3 64.5 64.8 65.7 365.3
Totals (Ti)




From the above data, we have:

p=6,T1.=509,q=4,T".j=68.4,T.. =365.3

(6%50.9) + (4 684) — 3653  213.7
6—1)* @4 -1 15

&
Il

X = 14.25

The null hypotheses for testing are:

Hot: Treatments are homogenous; Hog: Blocks are homogenous

Against,

Hit: At least two treatments are different; Hig: At least two blocks are different

Substituting the value of % is the table, we have:

Treatment Totals: T: T2 T3 Ts Ts Te
62.1 65.15 57.3 64.5 64.8 65.7
Block Totals: B1 B2 Bs Bs4
91.1 82.65 107.8 98.0
G =379.55N=4*6 =24
Correction Factor (CF) = @ = 6002.42

Residual Sum of Square (RSS) = ¥{_; ¥, T = 6151.94

Total Sum of Square (TSS) = RSS — CF = 6151.94 — 6002.42 = 149.52

24060.0025

Sum of Square due to Treatments (SST) = % 6 T? = —6002.42 = 12.58

5007 6002.42 = 56.76

Sum of Square due to Blocks (SSB) = %Zle B]-2 =
Sum of Square due to Error (SSE) = TSS — SST — SSB = 80.18
The adjustment factor for treatment sum of square is given by:

— [PTli_+Tl_j—Tr_.]2 = [(6%¥50.9)+68.4 — 365.3]% _
AF N P(P—l)(q—l)z - 6(6—1)(4—1)2 — 0267

Therefore, adjusted value of Sum of Square due to Treatment = 12.580 — 0.267 = 12.313



ANOVA Table

Source of | Degree of | Sum of Mean Sum of Variance Ratio
Variation Freedom Square Square Fcal. Frab.
Treatments 5 12.313 12-5313 =206 % — 233 Fo.05(5,14) =
(Adjusted) ' 2.96

Blocks 3 56.760 | 56.760 _ 1892 158-7922 — 330 Fo.053,14) =

' 3.34
Error 14* 80.45 80.45 _ & 79
14
Total 22*

* Here, one degree of freedom is lost for total sum of square and consequently for error sum
of square due to the estimation of missing value from the given data.

From the ANOVA table, we see that calculated F values of both treatments and blocks are
insignificant, and consequently, Hop and Hot maybe retained, i.e., we may regard the treatments
as well as blocks to be homogenous.

4.8  Estimation of Missing Values in Latin Square Design (LSD)

Let the observation yijx = x (say) be the missing value in the i" row and j™ column and
receiving k" treatment in m*m Latin square. Let:
R — Total of known observations in the i row
C — Total of known observations in the j™ column
T — Total of known observations in the k" treatment

S — Total of known observations

Now, we have:
RSS = ¥, % yi* + x?

2
cF = &2
m
TSS=RSS -CF
2
TSS = x* + constant w.r.t.x — (S;:ZC)
2
SSR = =[(R + x)?] + constant w.r.t.x — (SHZC)
m m



2
SSC = =[(C + x)?] + constant w.r.t.x — (Sﬂzc)
m m
2
SST == [(T +x)?] + constant w.r.t.x — (SH;)
m m
SSE =TSS — SSR - S5C - SST
_ .2 _ 1 21_ 1 21 _ 1 2 2(S+x)?
SSE =x m[(R+x) ] m[(C+x) ] m[(T+x) | + constant w.r.t.x + —

Now, to estimate x we minimize SSE. Thus, for minimum value of SSE:

B =020 - 2[R +0)]

S (€ +2)]

-2 —Z[(T+ 0]+ =[S+ 0] =0
m>X —Rm-mx—-Cm-mx—-Tm-mx+2S+2x=0
(M?-3m+2)*x-m*(R+C+T)+2S=0
(Mm-1)*(m-2)*x=m*(R+C+T)-2S

mR+C+T)—-2S
(m—-1) x (m—2)

X =
Statistical Analysis

Analysis of Variance is performed in the usual way after substituting the estimated value of
missing observations. For each missing observations, one degree of freedom is subtracted from
total and also from error degree of freedom. The adjusted treatment sum of squares is obtained
by subtracting the Adjustment Factor from the SST, where adjusted factor is given as:

[(mM-1DT + R+ C — S|?

A= T m—Dm-2P

Example: An experiment was carried out to determine the effect of claying the ground on the
field of barley grains; amount of clay used were as follows:

A: No clay B: Clay at 100 per acre
C: Clay at 200 per acre D: Clay at 300 per acre.

The yields were in plots of 8 metres and are given below:

Rows Columns
I I 1 v
| D B C A
29.1 18.9 29.4 5.7
I C A D B




16.4 10.2 21.2 19.1
i A D B C

5.4 38.8 24.0 37.0
v B C A D

24.9 41.7 9.5 28.9

a) Perform the ANOVA and calculate the critical difference for the treatment mean yields.
b) Yield under ‘A’ in the first column was missing. Estimate the missing value and carry out
the ANOVA.

Solution-

Rows Columns Row total
| T i vV (Ri)

| D B C A 83.1
29.1 18.9 29.4 5.7

I C A D B 66.9
16.4 10.2 21.2 19.1

11 A D B C 105.2
5.4 38.8 24.0 37.0

v B C A D 105.0
24.9 41.7 9.5 28.9

Column Total 75.8 109.6 84.1 90.7 360.2

(C)

The four treatment totals are: A: 30.8, B: 86.9, C: 124.5, D: 118.0
Grand total (G) = 360.2, N=16

2 2
Correction factor (C.F.) = % (3610:) = 8109.0025

Raw S.S. = i, 3L, Y2 = (29.1)*+(18.9)* + .......... +(9.5)2 + (28.9)% = 10,052.08
Total S.S. = 10,052.08-8,09.0025 = 1,943.0775
S.SR. =2 [(83.1)*+(66.9)? + (105.2)? + (105.0)?] - 8,109.0025

_ 33,413.26 —8,109.0025 = 259.3125

$.8.C. =2 [(75.8)*+(109.6)% + (84.1)? + (90.7)?] - 8,109.0025

- 33°i7-1° —8,109.0025 = 155.2725



S.S.T. =7 [(30.8)2+(86.9)% + (124.5)? + (118.0)*] - 8,109.0025

- 37914-50 —8,109.0025 = 1372.1225

Error S.S. = TSS-SSR-SSC-SST = 156.3700

ANOVA Table for LSD

Source of Degree of Sum of Mean Sum of Variance Ratio
Variation Freedom Square Square

(1) (2) (3) @ =3)/(? Fcal. Frab.

Rows 3 259.5375 86.4375 3.32 F36(0.05) =
Columns 3 155.2725 51.7575 1.98 4.76
Treatments 3 1,372.1225 457.3742 17.55

Error 6 156.3700 26.0616

Total 15 1,943.0775

Hence, we conclude that the variation due to rows and columns is not significant but
the treatments, i.e., different levels of clay, have significant effect on the yield. To determine
which of the treatment pairs differ significantly, we have to calculate the critical difference
(C.D)

2

S.E. of difference between any two treatment means= Sg = J (—) = \/ (2 * %): 3.609

m

Hence C.D. = 3.609 * to.025 (for error d.f.) = 3.609 * 2.447= 8.83

We now arrange treatment means in their decreasing order of magnitude as given as follows:

Treatment Mean Yield |A = Dif ference|
C 31.1250 1.625

D 29.5000 7.775

B 21.7260 14.025

A 7.7000

We, therefore, conclude that:
I.  The difference between mean yields of C and D is not significant and they may therefore be
regarded alike as regards their effect on yield. Similarly, argument holds for the pair D and
B.



ii.  The treatment C and B are significant from each other as regards their effect on yields, since
the difference between their mean yields, viz., 9.4 exceeds the C.D. As such treatment C is
to treatment B. Similar argument holds for any other pair left.

m(R+C+T)—2S

(b) The formula for obtaining the missing value in LSD is: & = D)+ D)

4(99.8470.44+25.4)—2%354.8
3%2

X = =12.13
As a result of replacing the missing figure by its estimate 12.13, Corrected or Adjusted
S.S. are obtained as follows:

Raw SS = 10,052.08- (5.4)2 + (12.13)? = 10,170.06

G* = (360.2 — 5.4+ 12.13)2 = (366.93)? = 134637.62

2
G® 134637.62
CF.=—

v T 8414.85

TSS = RSS-CF= 10170.06-8414.85= 1755.21
Y R? = 33473.26 — (105.2)2 + (105.2 — 5.4 + 12.13) = 34,934.54

SSR=

34'924'54 —8,414.85 = 318.79

¥ C? = 33,057.10 — (75.8)? + (75.8 — 5.4 + 12.13) = 34,122.66

SSC= —8,414.85 =115.81

34122.66
4

Y T2 =37,924.50 — (30.8)2 + (30.8 — 5.4 + 12.13)* =38,384.36

[(m-1T+R+C-S5]?
[(m~-1)(m~2)]?

Adjusted factor for treatment SS is: AF =

__ (3%25.4+99.8+70.4—354.8)

AF Gea)?

=326.40

—8,414.85-326.40= 854.84

Adjusted SST = 22220

Adjusted SSE = TSS-SSR-SSC-SST(Adjusted)

=1,755.21-318.79-115.81-854.84 = 465.77

Corrected ANOVA for LSD (Missing Observation)



Source of Variation Degree of Sum of Mean Sum of Variance
Freedom Square Square Ratio

(1) (@) ®3) (4) =) (2)

Rows 3 318.79 106.26 1.14

Columns 3 115.81 38.60 <1

Treatments (adjusted) | 3 854.84 284.95 3.06

Error (adjusted) 14-9 = 5* 465.77 93.15

Total 15-1=14* 1,455.21

* 1 d.f. is reduced for the d.f. of total SS and consequently for Error SS because one missing
observation has been estimated and its estimated value is used in computing the various SS.
Tabulated Fo05(3,5) = 5.41

Since the calculated values of Fr, Fc and Fr are less than the tabulated value, more of them is

significant. Hence, the treatments do not differ significantly.

4.9 Self-Assessment Exercise

Question-1: An experiment was carried out in a pharmaceutical firm to find out whether there
were any differences in the disintegration time of five different types of caplets. The following

data were obtained. Analyse the given data.

Type of Caplet (i) Disintegration time for n; caplets (seconds)
1 2,6,4,8,6,7 (N1 =6)

2 3,7,6,4,8 (n1 =5)

3 4,8,10,7,9,11 (n1 = 6)

4 10,12,9,7,8 (n1 = 6)

5 12,7,9,8,11,13,9 (n1 = 6)

Question-2: Three different washing solutions are being compared to study their effectiveness
in retarding bacteria growth in five-gallon milk containers. The analysis is done in a laboratory,
and only three trails can be run on any day. Because days could represent a potential source of
variability, the experimenter decides to use a randomized block design. Observations are taken

for four days, and the data are shown here. Analyse the data and draw conclusions.

Solution Days
1 2 3 4
1 13 22 18 39




2 16 24 17 44
3 5 4 1 22

Question-3: A problem was posed to estimate the petrol consumption rates of the four different
makes of cars for suitable average speed and compare them. The following experiment could
be conducted for an inference about the problem. Five different cars of each of four Makes
were chosen at random. The five cars of each Make were put on road on 5 different days. The
cars of a make ran with different speeds on different days. The speeds were 25, 35, 50, 60 and
70 mph. Which car was to be put on the road on which day and what speed it should have was
determined through a chance mechanism subject to the above conditions of the experiment.
The procedure was adopted for each of the 4 Makes of cars. For each car the number of miles
covered per gallon of petrol was observed. The observations are presented below. Analyse the

given randomised block design and interpret the results.

Miles per Gallon of Petrol

Makes of | Speeds of the cars in miles per hour (mph)
car 25 35 50 60 70
20.6 195 | 181 | 179 | 16.0
19.5 19.0 | 156 | 16.7 | 141
20.5 18.5 16.3 | 15.2 13.7
16.2 16.5 15.7 | 14.8 12.7

O O m >

Question-4: To determine the petrol consumption rates of the four different makes of cars, five
drivers were chosen and each driver was used on one of 5 days. On that day he drove five cars
each of a different make and each car with a different speed. The arrangement of drivers, speeds

and makes was in the given table. Analyse the given block design and interpret the results.

Drivers and Speeds in miles per hour
Days 25 35 50 60 70
D1 B (19.5) E (21.7) A (18.1) D (14.8) C (13.7)
D2 D (16.2) B (19.0) C (16.3) A (17.9) E (17.5)
Ds A (20.6) D (16.5) E (19.5) C (15.2) B (14.1)
D4 E (22.5) C (18.5) D (15.7) B (16.7) A (16.0)
Ds C (20.5) A (19.5) B (15.6) E (18.7) D (12.7)




Question-5: To compare the effects of six treatments, an experiment with these treatments was
conducted in four randomised blocks. One observation under treatment 1 in block 1 was lost
accidentally. Available observations along with the layout are given below. Treatments are

indicated by numbers within parentheses. Analyse the data and draw conclusions.

Block Treatment and Yield (in certain units)

1 2 3 4 5 6

1 (1) ©) (@) (4) ®) (6)
- 21.7 20.6 16.2 16.2 24.9

2 ©) ) 1) (4) (6) ()
22.7 28.8 27.3 15.0 22.5 17.0

3 (6) (4) (1) ©) ) (%)
26.3 19.6 38.5 39.5 39.5 15.4

4 (5) ) 1) (4) @) (6)
17.7 31.0 28.5 14.1 34.9 22.6

4,10 Summary

This unit gives a complete knowledge about the terminology and basic principles of
design of experiments, Complete Randomized Designs (CRD), Randomized Block Designs
(RBD) and Latin Square Designs (LSD), analysis with missing observations for both RBD and
LSD.
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5.1 Introduction

A factorial experiment involves simultaneously more than one factor each at two or
more levels. If the number of levels of each factor in an experiment is the same, then the
experiment is called Symmetric Experiment; otherwise, it is called Asymmetric Experiment or
Mixed Factorial Experiment.

These experiments provide an opportunity to study the individual effects of each factor
and their interaction effect. When experiment is conducted factor by factor changing the level
of a factor at time and keeping the other factors at constant levels, the interaction effects cannot
be investigated.

Example: In many biological and clinical trials, factors are likely to have interaction.
Therefore, factorial experiments are more informative in such investigations. The other
advantages of these experiment are that these are helpful in economizing on experimental
resources. When an experiment is conducted factor by factor, then much more resources are

required for the same precision than what they are required in factorial experiment.



5.2 Objectives

After going through this unit, you should be able to:

e Know and understand benefits of using factorial experiments

e Understand the concept of 2" factorial experiments, focusing on 22 and 23 factorial
experiments.

e Understand the concept of 3" factorial experiments, focusing on 32 and 3% factorial
experiments.

e Applying the Yate’s Method and analysis of variance test for 2" and 3" factorial experiments.

5.3  Advantages of Factorial Experiments

The factorial experiments have many advantages, few of them are:

1. Itincreases the scope of the experiment and gives information not only on the main factors
but also on their interaction.

2. The various levels of one factor constitute replications of other factors and increase the
information obtained on all factors.

3. When there are no interactions, factorial gives the maximum efficiency in estimating the
given effects.

4. When interaction exists, their nature being unknown a factorial design to avoid misleading
conclusions

5. In the factorial experiment the effects of a factor is estimated at several levels of other

factors and conclusion hold over a wide range of conditions.

54 2" Factorial Experiments

2" factorial designs are the simplest class of factorial design involving factors at two
levels, n being the no. of factors. The two levels can be denoted as lower level and higher level.
The factors are usually divided by the capital letters and the two levels of the factor by, lower
level with (1) and the corresponding small title letters. The treatment combinations can used
two the individual of the symbols used for the individuals’ levels. Thus, with three factors, A,
B, and C the treatment combinations with all the factors at the higher level are written as abc.

With two factors A and B the four treatment combinations for 22 factorial experiments are:



(1) > A and B at lower level

a > A at higher level and B at lower level
b > A at lower level and B at higher level.
ab - Both A and B at higher level

Standard order of Treatment Combinations
The complete list of 2" treatment combinations can be conveniently written in standard

order as follows:

Factorial Design Factors Order
21 A (1),a
22 Aand B (1), a, b, ab
23 A, BandC (1), a, b, ¢, ab, ac, bc, abc
24 A/ B, CandD (1),a, b, c, d, ab, ac, ad, bc, bd, cd, abc, abd, acd,
bcd, abed

Main effects and interaction effects

The capital letters A and B also serve to represent the main effects and interaction. The
first order (two factors) interactions are denoted by AB, AC, BC, etc.; the 2" order (three-
factor) interactions by ABC, ABD, BCD etc.

In a 2" experiments, each main effect and interaction has one def. there are n main
effects. "C; first order interaction, "C, 2" order and so on ------- . The effect of A at the first
level of B is (a) — (1). Similarly, the effect of A at the 2" level of B is (ab)-(b).

These two effects are called simple effects of factor A. The average effect of A over the two
levels of B.
A =-[(ab) - (b) + (@ — (D] =5[(a — (b +1)]
Similarly, the effect of B at the first level of A is (b)-(1) and the second level of A is (ab)-(a)
1 1
B = [(ab) ~ (@) + (b) ~ (D] = 5 [(a+ D)(b - D)
The interaction effect AB is AB = %(a -1D(b-1)
The main effects A, B and AB are contracts of treatment means for
A =[(ab) ~ () + (@) — (D] = TL; ity
Where,
Loash 6

t1 = (ab), t, = (b), tz3 = (a) ty =1
5:C;=0



5.4.1 22 Factorial Experiment

Suppose we have two factors A and B each of two levels (a, b). The first level of factor
A and B generally expressed by the absence of the corresponding letter in the treatment
combination. the 4-treatment combination are as follows:
1 - Factor A and B both are first level

a = Factor A at second and factor B beat first level
b = factor B at the second level and factor A at first level
ab = Both factors A and b are at second level

Notes: These 4 above treatments combination may be compare CRD, RBD and LSD. for a 22
experiment with q randomized blocks, the analysis will be same as the number of treatment

combination p=4 in RBD and the analysis of 22 experiment in LSD with m=4.

Main Effect and Interaction Effect

The symbols [a] and [b] will be used to denote 4 means respectively of all the
observations receiving the treatment combination a. the letters A, B and AB are used to denote
for main effect due to factor A and B and the interaction between A and B. Consider the effect
of A, the effect of changing the A from its first level to a 2nd in the presence of first level of
factor B is given by (a)-(1) and the effect of changing factor A from its first level to second
level in the presence of second level of B is given by (ab)-(b). these two effects are known as
the simple effects of factor A. if A and B are independent in their effects then we assume that
above two simple effects are equal and the average of these two simple effects is called the

main effect due to factors A. Thus, main effect of factor A is given by
A=3@@ =D+ @)= (0) =3(@-D®+D)
Similarly, the main effect of factor B is given by:
B=,(a+1)(b—-1)

Note: Above two combinations are contrast and orthogonal too.

The main effect A is a linear function of the four treatment means with sum of the
coefficient of the linear function=0.

Therefore, this is a contrast of treatment if the two factor are not independent then
simple effect of A will not be the same and measure of independence and interaction of two



factor A and B is defined as the % of the difference of the first simple effect i.e. {(a)-(1)} from
the second simple effect i.e. {(ab)-(b)}. Thus, the interaction effect AB is given by:

AB = ~[(ab) — (b) - (a) + (1)]
AB = %(a— D(b-1)

This is also a contrast of treatment means if we take the contrast A and AB, then it can
be easily seen that the sum of the product of coefficient of these contrast A and AB is zero. it
means that these two contrasts are orthogonal contrast. If we take the contrast B and AB, then
it can be easily seen that the sum of the product of the coefficient of these contrast B and Ab is
zero. it means that these two contrasts are orthogonal contrast.

Table for sign and divisors given general mean, main effect A, B and interaction Ab in

terms of treatment mean is given as:

Effect Treatment means Divisors
1) (@ (b) (ab)

M + + + + 4

A - + - + 2

B - - + + 2

AB + - - + 2

Analysis of Variance for a 22-factorial experiment in g randomized blocks

The sum of squares due to the factorial effect can be obtained by multiplying the squares
of the factorial totals by a suitable quantity. Here each sum of squares a single degree of
freedom and sum of squares due to treatments have 3 degrees of freedom. Here it is to note that
the factorial effect and their sum of squares from the treatment totals are easier to obtain rather

than the treatment means. The effect totals can be written as
[A] = [ab] + [a] - [b] - [ 1]
[B] = [ab] + [b] - [a] - [1]
[AB] = [ab] - [b] - [a] + [1]

Since we use the replication number g, therefore, the sum of squares due to the main

effect Ais: SSA = % with degree of freedom 1

Similarly, SSB = % with degree of freedom 1



2
And, SSAB = % with degree of freedom 1

Mean sum of squares due to factor A, B and AB can be obtained by dividing the corresponding

sum of squares by the degree of freedom
MSA = 554/1 = 4C
4q

2
MSB = ssB/1 =L
4q

[AB]?

MSAB = SSAB/1 = p

Hence, the test for significance of any factorial may be obtained by using the test statistic

__ Mean Sumof Square duetoeffect A
- MSE

Where MSE be the error mean sum of squares for the analysis of corresponding design and

F

F~Fla,3q-1)a
The hypothesis of the presence of factorial effect is rejected at level of o if F > F;34-1))a

otherwise null hypothesis is accepted.

ANOVA table for 22 experiments with g randomized blocks

Source of Degree of Sum of Mean Sum Variance Ratio
Variation Freedom Squares of Square Fcal. Frab.
Blocks g-1 SSC (Blocks) | MS (Blocks)
Main effect A 1 SSA MSA — MsA Fis@1), e
Fao =i {L3@-1), o}
Main effect B 1 SSB MSB — MSB F{13-1), o
[ Fp = 1o {13@-1), o}
Interaction (AB) | 1 SS(AB) MS(AB) Fp = &:B) Fs@1), o}
MSE
Error 3(g-1) SSE MSE
Total 49-1 TSS

Yates Method of computing factorial effects total
Yates give a systematic method of obtaining the various effect total for any 2™
experiments without writing down the algebraic expression. The steps are:
1. Firstwrite down the four treatments combinations systematically in the first column, starting
with the treatment combination (1) and then introducing the letter A, B in terms after
introducing a letter write down its combination with all the previous treatment combinations

and then introduce a new letter. Repeat this until all the letters have been exhausted.



2. Next, write down the treatment total from all the replicate, in the second column against the
appropriate treatment combinations.

3. The first two columns we get from the observed data. for obtaining column three we break
the even number of values in the second columns into consecutive pairs. Then in the first
half of the third column, we write down the sums of the values in these pair in order and in
2" half of the third column we write down in order the difference of the values in the pairs
in the second column (the first member subtracted from the second member of the pair).

4. We next break the values in the third column into consecutive pairs and put the sum and

difference of the members of these pair in order of the fourth column.

Yates Method of Computing Factorial Effect for a 22 experiment

Treatment Total (3) 4) Effect
1) ) ()
1 [1] [1] + [a] [1] + [a] + [b] + [ab] | [1]
a [a] [o] +[ab] | [a]-[1] + [ab]- [b] | [A]
[b] [a] - [1] [o] + [ab] - [1] - [a] | [B]
ab [ab] [ab] - [b] [ab] - [b] - [a] + [1] | [AB]

Example: An experiment was planned to study the effect of sulphate of potash and
superphosphate on the yield of potatoes. All the combinations of 2 levels of superphosphate [0
cent (po) and 5 cent (p1)/acre] and two levels of sulphate of potash [0 cent (ko) and 5 cent
(k1)/acre] were studied in a randomized block design with 4 replications for each. The (1/70)

yields [Ib. per plot = (1/70) acre] obtained are given below:

Block Yields (Ibs per plot)

I Q) k p kp
23 25 22 38

I p Q) Kk kp
40 26 36 38

i 1) k pk p
29 20 30 20

\Y kp k p Q)
34 31 24 28

Analyze the data and give your conclusion.



Solution: Taking deviation from y =29, we re-arrange the data in the above table for

computations of S.S. due to treatments and blocks:

Treatment Blocks Treatment )
T:
Combination | I i IV Totals (T;) '
(1) -6 -3 0 -1 -10 100
Kk -4 7 -9 2 -4 16
p -7 11 -9 -5 -10 100
kp 9 9 1 5 24 576
Block Totals (B;) -8 24 -17 1 G=0
B} 64 576 289 1
H,: The data is homogeneous with respect to the blocks and the treatments.
N=4x4=16;G=0;R.S5.5.= ;3,5 = 660
_ - _G* _ (02 _
C.F. = Correction Factor = N e 0
Total S.S. = RSS-C.F. = 660-0 = 660
Block S.8.= 73, B — C.F.= 2752891 - 30 932,50
Treatment S.S. = %ZiTiz —C.F.= w = % =198
Error S.S.= 660 - (232.50+198.0) = 229.50
We now compute the factorial effect totals by Yates Method.
Yates’ Method for 22 Experiment
Treatment Total Yield 3) Factorial S.S.
Combination | from all blocks effects totals (4) (5) = @?
(1) ¢ "
‘1’ -10 -14 0=G (0)%/16=0=C.F.
k -4 14 40 = [K] (40)2/16 =100=S%
ANOVA Table for 22 Experiment
Source of Degree of Sum of Mean Sum Variance Ratio
Variation Freedom Squares of Square Fcar Frab.
Blocks 3 232.5 77.5 3.04 3.86
Treatments 3 198.0 66.0 2.59 3.86




K 1 100 100 3.92 5.12

P 1 49 49 1.92 5.12

KP 1 49 49 1.92 5.12
Error 9 229.5 25.5 - -
Totals 15 660 - - -

As in each of the cases, the computed value of F is less than the corresponding tabulated
(critical) value, there are no significant main or interaction effects present in the experiment.
The blocks as well as treatments do not differ significantly.

Since the blocks do not differ significantly, we conclude that there is no special
contribution from fluctuations in soil fertility. Thus, the division of the whole experimental

area into blocks does not result in any gain in accuracy.

Remark. It may be noted that S% + S2 4+ S%p = 100 + 49 + 49 = 198 = TreatmentS.S., as
it should be.

5.4.2 23 Factorial Experiment

Here we have three factors, A, B and C, each have two levels. So, the treatment
combinations in this case will be 8 and can be written in the systematic order as: 1, a, b, ab, c,
ac, bc, abc. These 8 treatment combinations can be compared by using any of design as CRD,
RBD and LSD. In this experiment, there are three main effects, A, B and C and three first order

interaction effects AB, AC and BC and one second order interaction effect ABC.

Main effects and interaction effects
Let us consider factor A, then the effect of factor A has four simple effects:
i. The effect of changing factor A from its first level to second in presence of first level of

factor B and C is (a) — (2).

ii. The effect of changing factor A from its first level to second in presence of second level
of factor B and first level of C is (ab) — (b).

iii.  The effect of changing factor A from its first level to second in presence of first level of
factor B and second level of C is (ac) — (c).

iv. The effect of changing factor A from its first level to second level in the presence of
second level of B and C is (abc) — (bc).

Similarly, the effects of factor B and C is:

For B For C




(i) (b) - (1) (©)-()
(i) (bc) —(c) (ac) - (a)
(iii) (ab) - (a) (bc) — (b)
(iv) (abc) — (ac) (abc) — (ab)

Now, the main effect of factor A is given by the average of simple effects

A ==[(a) — (1) + (ab) — (b) + (ac) — () + (abc) — (ab)]
A=-(a—-Db+1)(c+1)

Similarly for B and C:

B = [(abc) + (bc) — (ac) — (c) + (ab) + (b) — (@) — (V)]
B=,(a+1(b-1(c+1)

C =2 [(abc) + (be) + (ac) + (¢) — (ab) — (b) — (@) — (D]

p
C =§(a+ Db +1)(c—1)

The interaction of A with B can be obtained as:

AB (when C is first level) = ~[(ab) — (b) — (a) + (1)]

AB (when C is second level) = %[(abc) — (bc) — (ac) + ()]
Finally, the average of these two gives the interaction effect AB.
AB = i[(abC) — (be) — (ac) + (c) + (ab) — (b) — (a) + ()]
AB=2(a—1)(b—1)(c+1)

Similarly, we can obtain the other two effects AC and BC as:

AC = ~[(abc) — (bc) + (ac) — (¢) — (ab) + (b) — (@) + (D]

FSE

AC = %(a ~ Db +1)(c-1)
And

BC = i[(abC) + (be) — (ac) — () — (ab) — (b) + (a) + (1]



BC=2(a+ 1B -1)(c-1)

4

The second order interaction of three factors A, B, and C is given by the half of the difference

AB (C at first level) and AB (C at second level). Thus:

ABC = =[(abc) — (bc) — (ac) + (¢) — (ab) + (b) + (a) — (1)]

4
ABC = i(a — DB -1D(c-1)

Table for signs and divisors given M, A, B, AB, C, AC, BC and ABC in terms of

treatments means is given as follows:

Effects Treatment Means Divisors
1) (a) (b) | (@) | (¢) | (ac) | (bc) | (abc)

M + + + + + + + + 8

A - + - + + - + 4

B - - + + - - + + 4
AB + - - + + - - + 4
C - - - - + + + + 4
AC + - + - + - + 4
BC + + - - - - + + 4
ABC - + + - + - - + 4

Analysis of Variance of 2° Factorial Experiment
To obtain sum of square due to effects, we need treatment totals:
[Al = [ABC] - [BC] + [AC] - [C] + [AB] - [B] + [A] - [1]

[B] = [ABC] + [BC] - [AC] - [C] + [AB] + [B] - [A] - [1]
[C]1=[ABC] - [BC] - [AC] + [C] + [AB] - [B] - [A] + [1]
[AC] = [ABC] - [BC] + [AC] - [C] - [AB] + [B] - [A] + [1]
[BC] = [ABC] + [BC] - [AC] + [C] - [AB] - [B] + [A] + [1]
[ABC] = [ABC] + [BC] - [AC] + [C] - [AB] + [B] + [A] - [1]

Now, the sum of square due to factors A, B, AB, C, AC, BC and ABC are given by:

2 2 2
ssa = A~ ssp = B- ssc = L&
8q 8q 8q
_ lack _ Bl _ [aBcP?
SS(40) = 5 SS(BC) = - SS(ABC) =



Where, q is the blocks size as replications numbers of each treatment.
Now, the test for significance of any factorial effect i.e., main effect and interaction
effect can be obtained by using the quantity.

Mean Sum of Square due to ef fect A

Fa MSE

~F1,7¢-1),a

And similarly, we can obtain test of significance of other factors.
Hence, the null hypothesis of absence of factorial effect is reject at the level of

significance a*100% if Fa > F1,7¢-1), otherwise null hypothesis is accepted.

ANOVA Table for 22 Experiment with g randomized blocks

Source of Degree of Sum of Mean Sum Variance Ratio
Variation Freedom Squares of Square Fca. Frab.
Blocks q-1 SSC (Blocks) | MS (Blocks) FBlocks Fia-0, 710
A 1 SSA MSA Fa Firgn.a
B 1 SSB MSB Fs F{17@-1).00
AB 1 SS(AB) MS(AB) FaB Fiuren.a
C 1 SSC MSC Fc Firen.a
AC 1 SS(AC) MS(AC) Fac Foren.a
BC 1 SS(BC) MS(BC) Fec Fii7g-1),0
ABC 1 SS(ABC) MS(ABC) Faec Fi7@-.a
Error 7(g-1) SSE MSE
Total 80-1 TSS

Yate’s Method for computing Factorial Effect Total for a 23 experiment
We follow the instructions given in case of 2% experiment and obtain one more column

as shown below:

Treatment Yield (6)
1) ) 3) (4) (®)
1 1) ur=(1)+(@) Vv, =U, U, W, =V, +V, [1]
a @ uz = (b) + (ab) V, =Ug +U, W, =V, +V, [A]
b (b) us = (c) + (ac) Vg =Ug +Ug W, = Vg +V [B]
ab (@b) | us =(bc) + (abc) vV, =U; +Ug W, =V, +Vg [AB]




c (©) us = (a) +(1) Ve =U, +U, W =V, +V, [C]
ac (ac) us = (ab) + (b) Vg =U, +Uy Wy =V, +V, [AC]
bc (bc) uz = (ac) +(c) V; = Vg +Ug W, =Vg +Ve [BC]
abc (abc) | us =(abc)+(bc)| vg=ug +u, Wy = Vg +V, [ABC]

Example: A 23 factorial design was used to develop a nitride etch process on a single-wafer
plasma etching tool. The design factors are the gap between the electrodes, the gas flow (C2Fs
is used as the reactant gas), and the RF power applied to the cathode. Each factor is run at two
levels, and the design is replicated twice. The response variable is the etch rate for silicon

nitride (A/m). The etch rate data are shown in table below:

Replicate-1 Replicate-2
‘1 (abc) (b) (ac) ‘1 (©) (bc) (ab)
550 729 633 749 604 1052 1063 635
(©) (ab) (be) (a) (a) (ac) (b) (abc)
1037 642 1075 669 650 868 601 860
Solution:
Coded Factors Etch Rate Total
A B C Replicate-1 Replicate-2
0 0 0 550 604 (1) = 1154
1 0 0 669 650 a=1319
0 1 0 633 601 b=1234
1 1 0 642 635 ab = 1277
0 0 1 1037 1052 c =2089
1 0 1 749 868 ac = 1617
0 1 1 1075 1063 bc = 2138
1 1 1 729 860 abc = 1589

Using the totals under the treatment combinations as shown above, the estimate of factor effects

can be obtained as follows:

A= ﬁ[a—(1)+ab—b+ac—c+abc—bc]

—101.625

~[1319 — 1154 + 1277 — 1234 + 1617 — 2089 + 1589 — 2138]



B = ﬁ[b+ab+bc+abc—(1)—a—c—ac]

= %[1234 + 1277 + 2138+ 1589 — 1154 — 1319 — 2089 — 1617]
B = 7.375
C = ﬁ[c+ac+bc+abc — (1) —a—>b — ab]

=%[2089 + 1617 + 2138+ 1589 — 1154 — 1319 — 1234 — 1277]
B = 306.125

AB=ﬁ[ab—a—b+(1)+abc—bc—ac+c]

[1277 — 1319 — 1234 + 1154+ 1589 — 2138 — 1617 + 2089]

® |+

AB = —24.875
AC=ﬁ[(l)—a+b—ab—c+ac—bc+abc]

:%[1154 — 1319 + 1234 — 1277 — 2089 + 1617 — 2138 + 1589]
AC = —153.625
BC=$[(1)+a—b—ab—C—ac+bc+abc]

=%[1154 + 1319 — 1234 — 1277 — 2089 — 1617 + 2138 + 1589]
BC = —2.125
ABC=i[abc—bc—ac+c—ab+b+a—(1)]

=%[1589 — 2138 — 1617 + 2089 — 1277 + 1234 + 1319 — 1154]

ABC = 5.625

The largest effects are for power (C = 306.125), gap (A = -101.625) and the power-gap

interaction (AC = -153.625).

The sums of squares are calculated as follows: SS = Co%zmz
es13? _(~199)?
e _ (~1229)?
§Sp = =—- = 217.5625 SSac="— =

= 2475.0625

= 94,402.5625



(-17)?
16

_(2449)%

SS¢ =g~ = 374,850.0625 = 18.0625

SSBC =

2
SSapc =& = 1265625

The total sum of square is TSS = 531,420.9375 and by subtraction, SSE = 18,020.50. The

ANOVA table can now be used to confirm the magnitude of these effect.

ANOVA Table
Source of Degree of | Sum of Squares | Mean Sum of Variance Ratio
Variation Freedom Squares Fcal. Frab.
Gap (A) 1 41,310.5625 41,310.5625 18.34 5.3177
Gas Flow (B) 1 217.5625 217.5625 0.10 5.3177
Power (C) 1 374,850.0625 374,850.0625 166.41 5.3177
AB 1 2475.0625 2475.0625 1.10 5.3177
AC 1 94,402.5625 94,402.5625 41.91 5.3177
BC 1 18.0625 18.0625 0.01 5.3177
ABC 1 126.5625 126.5625 0.06 5.3177
Error 8 18,020.5000 2252.5625
Total 15 531,420.9375

From the above ANOVA table, it can be noted that the main effects of Gap and Power
are highly significant (both have very large Fran. values). The AC interaction is also highly

significant, thus, there is a strong interaction between Gap and Power.

55 3" Factorial Experiments

When factors are taken at 3 levels instead of 2, the experiment becomes more
informative. Let the n-factor be denoted by A, B, C, ....... and so on, each having three levels.
The levels of these factors are denoted by 0, 1 and 2. The possible combinations of these three
levels of each factor will give rise to 3" treatment combination, each being n-tuple like (X1, X2,
....... , Xn), Where x1 be the level of first factor, x. be the level of second factor and so on.

Here, we use the number system reduce modulo 3; i.e.:



In this system, we divide a number greater than or equal to 3 by 3 and take the remainder to be

equal to the original number.

Standard order of Treatment Combinations

The complete list of 3" treatment combinations can be conveniently written in standard

order as follows:

Factorial Design Factors Order
3t A (1), a1, a
32 Aand B (1) a%, @, b, alby, azbs, by, aiby, azbz
32 A,Band C | (1), a1, a2, b1, aibs, azby, az2bl, by, aiby, azby, c1, axc,

biCy, aibiCy, azbicy, bac1, a1bacy, a2bocy, €2, a1co,

axC2, b1Co, a1b1Cz, a1, bicz, bacz, aihacy, a2bac:

5.5.1 32 Factorial Experiment

In this experiment there are two factors say A and B each having 3 levels 0 1 and 2.
Therefore, these are 9 treatment combinations of type (x4, x) where x; and x, can take only

of the values 0 1 and 2. Thus the 9-treatment combination are

00, 01, 02, 10, 11, 12, 20, 21, 22
Among these 9 treatment combinations there will be 8 comparisons (degree of freedom =8)
can be partitioning as 2 degrees of freedom for each of main effects A and B and 4 degrees of

freedom for interaction A x B. This combination (component) can be denoted by a 2-way table

as follows:
Levels of A
Levels 0 1 2 [Blo
of B 0 00 01 02 [Bl4
1 10 11 12 [B]2
2 20 21 22
[Ao [Al4 [A]2
Analysis

The sum of squares can be obtained as

([Al3+[A13+[413) @62
3q 9

SSA =



(B13+[BIF+[p]3) G2
3q 9q

SSB =

(00)2+(01)%+.....(21)%+(22)*  G?

SS(AB) = p Foi SSA — SSB

Where q is block.

Four degrees of freedom of AB can be further partition into 2 more orthogonal
components are very useful in confounding in 3% factorial experiment. Thus, the interaction

A X B carrying 4 degrees of freedom can be partitioned AB and AB2as

AB gives x1+x2=10, 1, 2 Modulo 3

AxB
AB? gives x1+2x2 =0, 1, 2 Modulo 3

Defining the equation, dividing the 9-treatment total intro 3 groups, A comparison
between which gives the corresponding components. Thus
X1+ x, = 0gives [00] + [12] + [21] = [AB],

X1 +x, = 1gives [01] + [10] + [22] = [AB];
X1+ x, = 2 gives [02] +[20] + [11] = [AB],
Similarly,

x1 + 2x, = 0 gives [00] + [12] + [21] = [AB?]

x1 + 2x, = 1 gives [02] + [21] + [10] = [AB?]

x1 + 2x, = 2 gives [01] + [12] + [20] = 'ABZ'Z

And hence sum of square due to component AB is

ABI3+[ABI3+[4B13) G2
3q 9%

ssaB) = {

And for component AB? is

([ABZ](Z)+[ABZ]i+[ABZ];) e
3q g

SS(AB?) =

The first two columns of ANOVA table are given as:

Source of Variation Degree of Freedom




Replication g-1
A 2
B 2
AB AB 2
AB? 2
Error 8(g-1)
Total 99-1
5.5.2 3% Factorial Experiment

In this experiment, we have 27 treatment combinations of the form ( xq,x, x3 ) where
X, , X, and x5 are the levels of A, B and C respectively. All the treatment combination can

systematically be written as:

A B C A B C A B C
0 0 0 0 0 1 0 0 2
1 0 0 1 0 1 1 0 2
0 1 0 0 1 1 0 1 2
1 1 0 1 1 1 1 1 2
2 0 0 2 0 1 2 0 2
2 1 0 2 1 1 2 1 2
0 2 0 0 2 1 0 2 2
1 2 0 1 2 1 1 2 2
2 2 0 2 2 1 2 2 2

The 27-treatment combination will have a sum of all squares carrying 26 degrees of
freedom. The treatment sum of squares can be calculated from 27 treatment totals taking over
the q replicates. In these experiments the treatments can be sub divided into the main effect and

intersection effects having degrees of freedom as follows:

Source of Variation Degree of Freedom
Replication g-1
Treatment 26

A 2
B 2




C 2
AxB 4
AxC 4
BxC 4

AxBxC 8
Error 26(9-1)
Total 27q-1

The sum of squares due to main effects and two factor interactions are calculated from
the three-two way in the usual manners. However, the three-factor interaction (AxBxC) sum
of square is obtained by the subtractions of these components from treatment sum of square.
Here each set of 4 or 8 degrees of freedom can also be partitioned into their orthogonal
component carrying 2 degrees of freedom as follows:

AB gives x1+x2=0, 1, 2 Modulo 3
AxB i

AB? gives x1+2x2=0, 1, 2 Modulo 3

AC gives x1+x3=0, 1, 2 Modulo 3
AxC i

AC? gives x1+2x3=0, 1, 2 Modulo 3

BC gives xo+x3=0, 1, 2 Modulo 3
AxC :

BC? gives x2+2x3=0, 1, 2 Modulo 3

ABC gives x1+x2+x3=0, 1, 2 Modulo 3

ABZC gives x1+2x2+x3=0,1,2 | Modulo 3
AxBxC :

ABC? gives x1+x2+2x3 =0, 1,2 | Modulo 3

AB?C? gives x1+x2+x3=0,1,2 | Modulo 3

Using each of the defining equations we divide the 27 treatment combinations intro 3
groups and comparison among these groups total is the corresponding sum of square carrying
2 degrees of freedom.

Example: The sum of square due to the component AB?C can be obtained as follows:

[AB?C]o+[AB*C]; +[AB*C],  G*
3q 27q

SS(AB2C) =
Where,

[ABZC]O = [000] + [011] + [110] + [212] + [201] + [102] + [121] + [022] + [220]

[ABZC]1 = [001] + [100] + [012] + [111] + [202] + [210] + [020] + [122] + [221]



[ABZC]2 = [002] + [101] + [010] + [112] + [200] + [211] + [021] + [120] + [222]

Similarly, the other sum of square can be obtained by using their defining equations.

Each mean sum of squares can be obtained by dividing the corresponding sum of
squares by its degree of freedom. The mean sum of square due to error can be obtained in the
usual way.

ANOVA Table for a 3% Factorial Experiment

The first two column of the ANOVA table as follows:

Source of Variation Degree of Freedom
Replications g-1
Treatment 26
A 2
B 2
C 2
AB 2
A XB
AB? 2
AC 2
AXC
AC? 2
BC 2
BxC
BC? 2
ABC 2
AB2C 2
AXBXC
ABC? 2
AB2C? 2
Error 26(0-1)
Total 270-1

5.6 Self-Assessment Exercise

Question-1: Analyze the following factorial design

Replicate 1
nk kd 1 nd d k n nkd
291 398 101 373 312 245 106 450




Replicate 2
kd d n nk k nkd nd 1
907 329 89 306 272 449 338 106
Replicate 3
d 1 nk nkd nd k n kd
323 87 334 471 324 279 128 423
Replicate 4
nd nk Kk d n 1 nkd kd
361 272 302 324 103 131 437 445

Question-2: The following table gives the number of seeds germinated (out of 10 seeds) in
each of 16 plots along with the treatments applied. Here, rows correspond to different levels of

temperature and columns to different depths of sowing:

Temperature Depth of sowing

1 np n 1 p
(7) ©) ) (8)

2 n p np 1
(4) (4) (6) 3)

3 1 np p n
() (@) @) (4)

4 p 1 n np
() ©) (4) (8)

5.7 Summary

This unit gives a complete overview of the factorial experiments, covering both 2" and

3" factorial experiments, their various types such as 22, 23, 32 and 3° along with their analysis.
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6.1 Introduction

The 22 and 23 factorial experiments should be conducted by using completely

randomized, randomized block or Latin square designs. These experiments can also be

analysed by breaking the treatment components into main effect and interaction components.

The next factorial, 2* has 16 treatment combinations and it is not advisable to adopt a

randomized block design for it, because blocks of 16 plots are too big to ensure homogeneity

within them. A new device is, therefore, necessary for designing experiments with a large

number of treatments. One such device is to take blocks of size less than the number of

treatments and have more than one block per replication. The treatments are then divided into

as many groups as the number of blocks per replication. The different groups of treatments are
allotted to the blocks.



Example: We can take for 24 factorial two blocks each of eight units and divide the 16
treatment combinations into two groups of each for allotment to the two blocks.

In general, the block size for 2n factorials is of form 2r. There are many ways of
grouping the treatments into as many groups as the number of blocks per replication. For
obtaining interaction contrast the treatment combinations are divided into two groups. Two
such groups representing a suitable interaction, say P, can be taken to form the contents of two
blocks, each containing half the total number of treatments.

In such cases the contrast of the interaction P and the contrast between the two blocks
totals are given by the same function. They are, therefore, mixed up with block effects and
cannot be separated. In other words, the interaction P, has been confounded with the blocks.
Evidently, P has been lost but the other interactions and main effects can now be estimated
with better precision because of reduced block size. This device of reducing the block size by
making one or more interaction contrasts identical with block contrasts, is known as
Confounding. Though we have introduced the concept of confounding by having only two
blocks, the number of blocks can be any power of 2.

Preferably, only higher order interaction, that is, interactions with three or more factors
are confounded, because their loss is immaterial. As an experimenter is more interested in main
effects and two factor interactions, these should not be confounded as far as possible.

The designs for such confounded factorials can be called incomplete randomized block
design. The treatment groups are first allotted at random to the different blocks. The treatments

allotted to a block are then distributed at random to its different units.

6.2 Objectives

After going through this unit, you should be able to:
e Know about the concept of orthogonality in the design of experiment
e Understand the concept of confounding in factorial experiments

e Understand the concept of partially confounded in factorial experiments

6.3  Orthogonality

Suppose that we have a random sample of n independent observation y.,y, .......y

n

from a normal population with variance o? .let us consider two orthogonal contrast A =

?=1 U X y; and B = Z?:l n Xy; with Z?:l )\l. = 0 and Z?:l IJ'i =0.



Therefore, A and B are independent and we can use A & B to estimate two different
effects because the error in two estimates will not be related. These estimates are also said to
be orthogonal. The orthogonality of a design ensures that the different effects will be capable
of separate estimation in testing without any difficulties, hence if data arise from an orthogonal
design, then there will be no difficulty of independent estimation and test effects.

The designs CRD, RBD, and LSD give us orthogonal design. The 2%and 2° etc.
Factorial experiments are conducted by using CRD, RBD and LSD. However, the difficulty in
conducting the factorial experiment in this design is that as the number of factors or the number
of levels of the factor or both increases, the number of treatment combinations to be compared
increases rapidly. This results in the use of large-size blocks or squares to accommodate all the
treatment combinations.

Example: In an 2* factorial experiment, there are 16 treatment combinations and it is
advisable to adopt RBD for it because blocks of 16 plots are too big, here to ensure
homogeneity within them. Therefore, it is necessary to have a new device for designing
experiments with a large number of treatments. Once such a device takes blocks of size less
than the number of treatments and has more than one block, then the treatments are divided
into blocks per replication.

The different groups of treatments are allotted to the blocks in such a way that the only
unimportant treatment combination gets mixed up with the block comparison. These treatment
comparisons are said to be confounded or mixed up with block effects.

These effects cannot be estimated for testing separately. However, the remaining
treatment effects, which are not confounding by the block effect, are still capable of separate
estimation in testing. In a confounding design, we lose information on some treatment
comparisons (completely or partially) which are confounding. Therefore, there should be least

important comparison and generally we choose highest order interaction in confounding.

6.4  Confounding in Factorial Experiment

Confounding in experiment designs is an arrangement of treatment combinations in
blocks in which less important treatment effects are purposely confounded with the blocks.
There are two types of confounding: -

1. Complete confounding
2. Partial confounding



When there are two or more replications, then the question arises whether we confounded

the same interaction in each replication or different sets of interactions in different replications.

If the same set of interactions is confounded in all the replications, then confounding is called

complete confounding. In complete confounding, all the information on confounded interaction
is lost and we lose all the information from all the replications.

If different interaction steps are confounded in different replications, then confounding

is called partial confounding. In this confounding, the confounded interaction can be recovered

from those replications in which they are not confounded.

6.4.1 Confounding in 23 Factorial Experiment

In this experiment, we have eight treatment combinations under comparison and
suppose we decide to use two blocks to accommodate a treatment combination is replicated.
Thus, we have four plots of each. We will divide the 8 treatment combinations each and allocate

the two groups to the two blocks at random. Here it is to be notable that 2" factorial experiment

conducted 2%~ treatment combinations in which 2% — 1 — k treatment combination will be
generalized. They are automatically confounded with the block effects. if k=1, then only one
treatment combination will be confounded and if k>1, then more than one treatment
combination will be confounded according to the above rule. Therefore, in this case k=1, only
one treatment combination will be confounded and we decide highest order interaction ABC
to be confounded.
The interaction ABC is depended on (abc) + (a) + (b) + (¢) — (ab) — (ac) — (bc) — 1.
Let us apply the four treatment combinations with the (+) sign in one block and the
remaining 4 with the (-) sign in the second block. Then, block 1%t and 2" contain the treatment

combination as:

Block | Block 11
(abc) (ab)
(a) (ac)
(b) (be)
(©) 1)

Here, the contrast measuring the interaction ABC also contain block effect, i.e., the
effect of block 1% - effect of block 2" and we say that the interaction ABC is mixed up or
confounded with block effect and we loss information ABC. However, the other six contrasts

of treatment combinations A, B, AB, C, AC, and BC still maintain their orthogonality to the



block as each treatment combination from block 1% (block 2"%) with (+) sign and two treatment
combinations with (-) sign of the remaining six treatment combinations therefore they will
contain no block effect.

Thus, in this allocation to two blocks, there is no difficulty in the estimation or testing

of the remaining six treatment combinations.

The first two columns of the ANOVA table for 2° factorial experiment is given by:

Source of Variation Degree of Freedom
Blocks 20-1
A 1
B 1
AB 1
C 1
AC 1
BC 1
Error 6(g-1)
Total 80-1

Example: Analyze the following 2° completely confounded factorial design:

Replicate-1 Replicate-2
Block ‘1 (nk) (np) (kp) Block ‘r (nk) | (np) | (kp)
I 101 291 373 391 i 106 306 | 338 | 407
Block | (nkp) | (n) (k) (P) Block | (nkp) | () | (k) | (p)
I 450 106 265 312 v 449 89 272 | 324
Replicate-3 Replicate-4
Block ‘1 (nk) (np) (kp) Block ‘r (nk) | (np) | (kp)
Vv 87 334 324 423 VI 131 272 | 361 | 445
Block | (nkp) | (n) (k) (P) Block | (nkp) | () | (k) | (p)
VI 471 128 279 323 VIII 437 103 | 302 | 324

(N = Nitrogen; P= Phosphate; K = Potash)

Solution: Since in the above 23 factorial experiment the replicate has been divided into blocks
of 4 plots each, it is a 2> confounded design. A careful examination of the treatment
combinations in different blocks reveals that the interaction NPK has been confounded in each

replicate. [Note that in each replicate, the treatment combinations in the block containing T



have no or an even number’ of treatments common with npk.]. Hence the above design is a 23
factorial with the interaction NPK completely confounded with blocks.
The S.S. due to the six unconfounded factorial effects, viz., the main effects N, P and

K and the first order interactions NP, KP and NK are obtained by Yates’ technique as usual.

Yates’ Method for Factorial Effects and S.S.

Treatment | Totals 1 2 3 Effects | S.S.= [Effect Totals)?/32

I 425 | 851 3172 9324 |G C.F.=27,16,780.5
n 426 2,321 |6,152 |340 [N] Sk =3,612.5
k 1,118 |2,679 |86 2,264 | [K] Sz =1,60,178.0

nk 1,203 | 3,473 | 254 112 [NK] S%. =392.0

P 1,283 |1 1,470 | 2,980 |[P] $2=2,77,512.5

np 1,396 |85 794 168 [NP] %, = 882.0

kp 1,666 | 113 84 676 | [KP] S%, = 14,280.5

nkp 1,807 | 141 28 -56 [NKP] Not estimable

=~ S.S. due to treatments = S4 + S% + S2 + S4p + Six + S&p = 456857.5
(Since NPK is completely confounded with blocks, its effects enter into the error S.S.)
R.S.5.=31,82,118.0

G? 9,324)2
C.F.=—=( )
8x4 32

= 27,16,780.5
Total S.S. =R.S.S.-C.F. = 31,82,118.0-27,16,780.5 = 4,65,337.5

Block S.S.= ~[(1,156)2 + (1,133)2 + (1,157)2 + (1,134)? + (1,168)% + (1,201)% + (1,209)% +

1
4

(1,166)%] — C.F.

_1,08,72,492

—27,16,780.5 = 1,342.5

~ Error S.S. = Total S.S. — S.S. due to Blocks — S.S. due to treatments

= 465337.5 - 1342.5 - 456857.5 = 7137.5

ANOVA Table
Sou_r Cef of Degree of Sum of Squares Mean Sum of Variance Ratio
Variation Freedom Squares
Block 7 1,342.5 191.8 <1




Treatments 6 4,56,857.5 7,360.5 29.11
N 1 3,612.5 3,612.5 9.11
K 1 1,60,178.0 1,60,178.0 40.90
P 1 2,77,512.5 2,77.512.5 699.90
NK 1 392.0 392.0 0.98
NP 1 882.0 882.0 2.20
KP 1 14,280.5 14,280.5 36.01
Error 18 7,137.5 396.5
Total 31 4,65,337.5

Since calculated value of F for blocks is less than 2.59, the tabulated value of F for (7,31) d.f.
at 5% ‘level of significance’, we fail to reject the null hypothesis.
Ho: Confounding is not effective

Hence, we conclude that confounding is not effective.

6.4.2 Confounding in 2* Factorial Experiment in 22 Blocks

In these 2* experiments we have 16 treatment combinations and these treatment
combinations are allotted to the 4 blocks in a replicate. The total no. of confounding is 2%-1 =
3 in which 22-1-2 = 1 will be generalised interaction. Suppose we select ABC and ABD
confounding. Then,

ABCABD = A2B2CD = CD will also be confounded.

The 16 treatment combinations in a systematic order as follows:
(1), (), (b), (ab), (c), (ac), (bc), (abc), (d), (ad), (bd), (cd), (abd), (acd), (bcd), (abcd).

Block-1 Block-11 Block-111 Block-1V
1) (a) (b) ()
(ab) (d) (abc) (abd)

(acd) (cd) (ad) (ac)
(bcd) (abcd) (bd) (bc)

6.4.3 Confounding in 2" Factorial Experiment in 2% Blocks per replicate

Let a 2" experiment conducted in 2k blocks (k=2,3....) or (2 < k < n) of equal size per

replicate. Then:

1. The total no. of treatment combinations = 2"



No. of combinations per block = 227 = nk

Thus, we have 2™ ¥ treatment combinations in each block and these are assigned at random
in each block. In each replicate there are 2% blocks total, giving rise to 2% — 1 treatment
contrast in the replicate.

2. Generalized Interaction: The interaction obtained on multiplying the symbols in two effects
(interaction) together and equating the square of any letter equal to unity is called the

General Interaction of the given effect.

Example: For any two effects X and Y the generalized interaction is given as:

X Y Generalized Interaction
A BC ABC
AB CD ABCD
ABC ACD ABC ACD = A?BC?D =BD
ABC CD ABC CD = ABC?D = ABD

3. If areplicate is divided into 2 blocks, then 2* — 1 effects are confounded, k of which are
independent and remaining 2¥ — 1 — k are their linear combinations or their Generalised
interaction.

4. If the size of the block is 2P, then apart from the control treatment, p of the treatment
combinations is independent and the rest 27 — 1 — p will be their generalization interaction

or linear combinations.

If 2" experiment is conducted in 2¥ blocks (of equal size) in a replicate then the block size
in each replicate is 2" . Hence a part from the control treatment, n-k treatments will be

independent and the remaining (2" —1— (n—k)) treatments will be their linear

combinations.

6.4.4 Confounding in more than two blocks

For 2* factorial experiment two blocks per replications are reasonable in experiment
with a larger no. of factors, we, however use more blocks (greater than two) per replicate.
Confounding with two groups one interaction is confounded in such cases. The Key Blocks

contents are obtained from the solution of more than one homogenous equation simultaneously.

Example: The key block of size 22 in 2° can be obtained from the solutions of the equations.



X1+ X2+ X3=0

X1+ Xa+Xs5=0

These equations indicate that the interaction ABC and ADE are confounded simultaneously in
the same replications. Any solutions of the above two homogenous equations are also a solution

of the equation, which is obtained from a linear combination of the equations. This shows that

the same interaction is also confounded. By adding the above equations, we get:

X2+ X3+ Xa+X5=0

No other equation is possible from their linear combination. Therefore, interaction BCDE is
also confounded, which is the generalized interaction of ABC and ADE. They block can be

obtained by first obtaining three independent solutions of the homogenous equations and then

taking all their linear combinations.

OO, kF PP PF OO

There are three more blocks in a replicate which are obtained from the solutions of the

following three sets of the equations:

Key Blocks

0

P ORP P OORKRO
P OO0 O R K,

oOrokrpkr ok o

oOr Pk OO Pk o

Set of equations 11" Block | N1 Block | 1V Block
X1+ X2 + X3 1 0 1
X1+ X4 + X5 0 1 1

Comparison of Unconfounded and Completely Confounded 2"

6.4.5

Factorial Experiment

We know the information of effects contained in an experiment is the reciprocal of the
variable of its estimate. In the case of unconfounded design, the replicate is itself a block, and,
in this case, we denote the error variance by o?. In a completely confounded design, the

replicate contains two blocks i.e., a block is a half replicate. Therefore, in this case we denote




the error variance by 032,2 and it is expected that o§2< o?,since the smaller block will have
greater control over errors as compare to the large block.
The variance of estimators of an effect (main or interactions) in a 2" experiment in q

(n—2)

replicated without confounding is 6% /q * 2 , Whereas the variance of the estimator of each

unconfounded effect in a 2" experiment is completely confounded is Gf,z/q « 202

Thus, the information about each effect in an unconfounded design is q * 22 /62,
Where as the information about each confounded effect in a completely con-founded design is

q » 20" /o,y and since o2 <o? therefore the confounded design provides more information
2 2

on unconfounded effect design but the confounded design provides no information or zero
information has been completely confounded.

Note: When we are unsure which interactions are unimportant, we cannot sacrifice the
entire interaction on that treatment combination. In such cases, we distribute the loss of
information among more than one treatment combination and we shall get some information

on each. This can be achieved by partial confounding.

6.5 Partial Confounding in Factorial Experiment

We have 4 interactions AB, AC, BC and ABC. We take 4 replications and two blocks
of size 4 in each replication. The 8 treatment combinations are allotted to blocks of a replicate
in such a way that the interaction AB is confounded in replicate I, AC in replicate I, BC in

replicate 111 and ABC in replicate 1V. The layout before randomization will be given as: -

Replicate-1 (AB confounded) Replicate-2 (AC confounded)

Block-1 Block-2 Block-3 Block-4
1) (a) (1) (a)
(ab) (b) (b) (ab)
(c) (ac) (ac) (©)

(abc) (bc) (abc) (bc)

Replicate-3 (BC confounded) Replicate-4 (ABC confounded)

Block-5 Block-6 Block-7 Block-8
(1) (b) (1) (abc)
(a) (ab) (ab) (a)
(bc) (©) (ac) (b)

(abc) (ac) (bc) (c)




The block sum of squares is computed from the 8 blocks and grand totals. the sum of
squares due to the main effect A, B and C (unconfounded effects) are computed using data
from all 4 replications whereas the sum of squares due to any confounded interaction is
obtained from those replicates where that particular interaction is not confounded.

The first two columns of ANOVA table in this case are given as below:

Source of Variation Degree of Freedom

Blocks 7
A 1

B 1

C 1
AB 1
AC 1
BC 1
ABC 1
Error 17
Total 31

Example: Analyze the following 23 — Factorial experiment in blocks of 4 plots, involving

three fertilizers N, P and K, each at two levels.

Replicate-1 Replicate-11 Replicate-111
Block | np | npk | (1) | k |Block | (1) | npk | nk | p |Block [ pk| nk | (1) | np
1 1011112} 75 |55| 3 |125| 95 | 80 |100| 5 |75|100 |55 | 92
Block | p n | pk | nk|Block | n k | np | pk |Block | n | p | k | npk
2 88 | 90 |115|75| 4 80 | 95 |115| 90 6 |53]| 65 82| 76

Solution: Since each replicate has been divided into 2 blocks, one effect has been confounded
in each replicate. Replicate 1 confounds NP, replicate I confounds NK and NPK has been

confounded in replicate I11.

Ho: The data is homogenous with respect to blocks and treatments.
Taking deviations from 87, we prepare the following Table to compute the total S.S. and S.S.
for Blocks.

Calculations For Various S.S.



Treatment Replicate 1 Replicate 11 Replicate I11 Treatment
Combination | Block 1 | Block 2 | Block 3 | Block 4 | Block 5 | Block 6 Totals
1) -12 - 38 - -32 - -6
n - 3 - -7 - -34 -38
p - 1 13 - - -22 -8
np 14 - - 28 5- - 47
k -32 - - 8 - -5 -29
nk - -12 -7 - 13 - -6
pk - 28 - 3 -12 - 19
npk 24 - 8 - - -11 21
Block totals
-6 20 52 32 -26 -72 G=0
(B;)
) YB?
B; 36 400 2,704 1,024 676 5,184
= 10,024

2

Correction Factor = = 0

3x8

R.S.S.=(—12)> + (38)?2 + --- + 82 + (—11)? = 8,658
Total S.S. =R.S.S. - C.F. = 8,658

10,024

2
S.S. due to Blocks = Zi%" —C.F.= = 2,506

The S.S. due to interactions NP, NK and NPK are not estimable directly from the table of
Yates’ method, but they will be estimated indirectly.

Yates’ Method for 23 Partially Confounded Experiment

Treatment Total e Operaliigg'[i)rial Effects SS. = ik
Combination | Yield I I i T 83
‘1 -6 -44 -5 0=G
n -38 39 5 48 = [N] S% =96.00
p -8 -35 23 158 = [P] 5% =1,040.17
np 47 40 25 66 = [NP] Not estimable
k -29 -32 83 10 = [K] gi =417




nk

pk

npk

19

21

55

232

75 2 = [NK]
87 -8 = [PK]
21 -108 = [NPK]

Not estimable
Sk =2.67

Not estimable

Interaction, which is confounded in replicate 1, is estimated by:

NP ==
4

Here the sign of ‘1” is positive. Hence, the adjusting factor (A.F.) for NP which is to be obtained

from replicate 1 is given by:

(=D - Dk +1)]

A.F. for NP = (101+111+75+55) - (88+90+115+75) = 342-368 = -26

= Adjusted effect total for NP becomes: [NP*] =

Similarly, A.F. for NK =400-380 = 20

and, A.F. for NPK = 276-322 = -46

Hence, adjusted effect totals for NK and NPK are:

= 240.25

[NKI*=2—-20= —18 and [NPK]* = —108 — (—46) = —
S2p =S.S. duetoNP——[NP] _@_529

Sk = S.S.due to NK = = [NK" = 18) =20.25

Skpx = S.S.due to NPK = — [NPK’ = ﬂ

[NP] — (—26) = 66 + 26 = 92

[Note that the sign of 1 in the estimate of NPK is -1.]

Treatment S.S.= S3 = S3 + Sg + Sgp + Six + Skx + Skpx = 1932.51

~ Error S.S. =T.S.S. — S.S. Blocks -S.S. Treatments

= 8,658.00-2,506-1,932.75 = 4,219.25

ANOVA Table for Partially Confounded 23 Experiment

Source of | Degreesof | Sumof | Mean Sum Variance Ratio F

Variation Freedom Squares of Squares Fcal. Frab.
Blocks 5 2,506.00 501.2 1.31

Treatments 7 1,932.51 276.07 <1 Fy05(511) =3.2




1 96.00 96.00 <1 Fo01(5,11) = 5.32
1 1,040.12 1,040.12 271 | Foos(1,11) = 4.84

NP 1 529.00 529.00 0.38 | fo0:(1,11) =6.08

K 1 4.17 417 <1

NK 1 20.25 20.25 <1

PK 1 2.67 2.67 <1

NPK 1 240.25 240.25 <1

Error 11 4,219.25 383.57

Total 23 8,658

From the above table, it can be concluded that the effect due to blocks, main effects due

to factor N, P, and K or interactions are not significant.

65 1 Comparison of information about Unconfounded Effects and
o Confounded Effects in Partially Confounding Design

In partially confounding design the main effects A, B and C are not confounded in any
replicates, so they are estimated from all 4 replicates and the experiment contains 8/0%3,2)
information about each of the main effect but each interaction is confounded in one replicate
and let unconfounded in three others. Thus, we can estimate the interaction from those
replicates where it is not confounded.

Example: The interaction AB is confounded from replicate 1%; therefore, AB can be
estimated using replicate 2,3, and 4 .so only three replicates control the information about the

interaction AB and the amount of information is c/ofyz),thus the relative information of each

partially confounded interaction with respect to unconfounded main effect is (6/062)) /

(8/0%},2)) = 3/4 and this is the same as proportion of replicates given information about the

confounded interaction.

Table for amount of information in different 22 experiments

Effects Amount of the information
Unconfounded ABC completely AB, AC, BC & ABC
Design confounded partially confounded
A 8/c? 8/0¢y.) 8/0¢y.)




8/0? 8/(56,2) 8/0%3,2)
C 8/0? 8/0¢,.,) 8/0¢y.)
AB 8/0? 8/0¢y,) 8/0¢y.)
AC 8/0? 8/0¢,,) 6/0¢y.)
BC 8/0? 8/(56,2) 6/0%3,2)
ABC 8/0? 0 6/0¢y,)

6.6 Self-Assessment Exercise

Question-1: Analyze the following 2* factorial design by determining the confounded
treatment:
Replicate — 1 Replicate — 2
Block1 |1 nk np kp Block 1 | nk np 1 kp
99 201 312 379 308 352 100 | 412
Block 2 | npk n k p Block2 | k n npk p
408 98 260 306 251 87 452 378
Replicate — 3 Replicate — 4
Block 1 | np nk 1 kp Block1 |1 kp nk np
324 378 84 435 99 201 | 312 379
Block2 | n npk p Kk Block 2 | npk p K n
135 456 378 272 408 98 260 | 306

Question-2: A 23 experiment with factors a, b, ¢ is to be conducted in 4 replicates consisting

of two 4 plots blocks. Two experimenters conducted such 4- replicate experiments in two

different farms — in one experiment ABC is totally confounded and in the other AB, AC, BC,

and ABC are partially confounded. How will you make a combined analysis of this

experiments?

6.7 Summary

This unit provides a brief overview of the confounding and partial confounding in the

factorial experiments, focusing on the 2% and 2 factorial experiments and the concept of

orthogonality.
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Block & Units Introduction

The Block - 3 — Advanced Theory of Design of Experiment is the last block of the said
SLM, and it has three units.

Unit — 7 — BIBD and PBIBD dealt with Balanced Incomplete Block Design (BIBD),
Partially Balanced Incomplete Block Design (PBIBD), construction of BIBD and PBIBD,

association schemes and construction, resolvable and affine resolvable design.

Unit — 8 — Split and Strip Plot Design, comprises the Intra block and inter block
analysis, Split Plot Design, Strip Plot Design.

In Unit — 9 — Other Advanced Design, we have discussed the Dual and linked block
design, Lattice Designs, Cross-over designs, optimal designs- optimal criteria, robust
parameter design, response surface design — orthogonality, rotatability and blocking, weighing

designs, mixture experiments

At the end of every unit the summary, self-assessment questions and further readings

are given.
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7.1 Introduction

In certain experiments using randomized block designs, we may not be able to run all
the treatment combinations in each block. Situations like this usually occur because of
shortages of experimental apparatus or facilities or the physical size of the block. For this type
of problem, it is possible to use randomized block designs in which every treatment is not
present in every block. These designs are known as randomized incomplete block designs.
When all treatment comparisons are equally important, the treatment combinations used in

each block should be selected in a balanced manner, so that any pair of treatments occur



together the same number of times as any other pair. Thus, a Balanced Incomplete Block
Design (BIBD) is an incomplete block design in which any two treatments appear together an
equal number of times. Suppose that there are a treatment and that each block can hold exactly
k (k <a) treatments. A balanced incomplete block design may be constructed by taking

(i) blocks and assigning a different combination of treatments to each block. Frequently,

however, balance can be obtained with fewer than (Z) blocks.

Complete Block Design

When the block size is equal to the number of treatments used in the design or in other
words when all the treatments appear in each block only once, the block design is said to be a
complete block design.

Incomplete Block Design

When the block size is less than the number of treatments, i.e., the block size is not
equal to (but less than) the number of treatments, then we have an in complete block design. In
other words, an incomplete block design is one in which the block size k is less than the number

of treatments v, i.e., k <v.

Equi-Replicate Design
An incomplete block design is said to be equi-replicate if all the treatments are

replicated the same number of times.

Proper Design

An incomplete block design is said to be proper if the block size k is same for all the
blocks.

Incidence Matrix
Suppose v treatments are applied in b blocks each of size k, where k < v, then we have
an incomplete block design. Now consider a matrix N with b rows and v columns with elements

as the number of observations receiving the different treatments in different blocks, i.e.

N1 Nz = Ny
N = |72t ™22 " Tv) where ny is the number of observations receiving it" treatment in
Npr Mpz *° Npy

the j™ block. Obviously n;; = 1 or 0 according to the i"" treatment is occurring in the j*" block or

not.



Binary Design

An incomplete block design is said to be a binary design, if the elements of the
incidence matrix of the design takes only two values namely 0 or 1.

Now let the number of times the i" and I" treatments occurring together in all the blocks
be denoted by A;, i.e., A;; = the number of times the treatments i and | are appearing together in
all the blocks. Then the parameters of an incomplete block design are b, k, v, r and A;, where r
is the number of times each treatment is replicated or repeated.

7.2  Objectives

After going through this unit, you should be able to:

e Understand the principles of Balanced Incomplete Block Design (BIBD) and Partially
Balanced Incomplete Block Design (PBIBD),

e Construct both BIBD and PBIBD,

e Know about resolvable design and affine resolvable design.

7.3 Balanced Incomplete Block Design (BIBD)

In a confounded design, we sacrifice some or total information on any of the treatment
combination to maintain the homogeneity. Sometimes, we come across the situation where all
the treatment (combination) has equal importance. Then, we cannot afford to sacrifice
information on any of them by confounding. In that type of situations, we use Balanced
Incomplete Block Designs (BIBD). This design was first proposed by Yates in 1936.

Here, incomplete blocks mean, a block which do not contain complete set of treatment.
The use of incomplete blocks becomes necessary because as the no. of the treatments increases,
the blocks size increases which results an increase the heterogeneity as well as the experimental
error in a block. When the number of replications of all pairs of treatment in an incomplete
block is the same than an important series of design known as Balanced Incomplete Block

Design (BIBD). In this design all the treatment effects are estimated with equal precision.

A BIBD is an arrangement of ‘v’ treatments in ‘b’ blocks of size ‘k’ each such that each
treatment is repeated ‘r’ times and the no. of times any pairs of treatments accrue together in

all the blocks is ‘A’. (v, b, k, r and A are known) as the parameter of the BIBD.



7.3.1 Parameters of BIBD

BIBD has five parameters as given below:

v — Number of treatments in a replicate

r — Number of replicates for each treatment

b — Number of blocks (in r replicates)

k — Block size or number of plots in each block

A — Number of blocks in which any pairs of treatments occur together or number of replications
of each treatment pair.

7.3.2 Relationships among the Parameters of BIBD

The following are the relationship among the parameters of the BIBD:

(i) bk=rv
(i) r(k-1)=x(v-1)
@[)b>v

(iv)b>r+v—k

Proof:
(i) The L.H.S. of bk = rv i.e., bk is the total no. of blocks in design and the R.H.S i.e., r.v gives
the total no. of treatments which are to be used for the total no. of plots in the design

consequently. L.H.S. = R.H.S.

(if) L.H.S. of the equation r(k-1) = A(v-1) is r (k-1). Since the block size is k, therefore any
treatment Ti accruing in a block will form (k-1) pair with other treatments. Also since each
treatment is repeated r times, therefore the treatment T; will be occurring in r blocks and
consequently Ti will be forming r (k-1) pairs with other treatments i.e., we have r (k-1) total
no. of pairs a treatment tj can form with other treatments.

The R.H.S. is equal to A (v-1). Since the total no. of treatments is V, therefore any
treatment Ti, can form (v-1) pairs with other treatments. But since any treatment T; can form
only A pairs with any other treatment, hence the total no. of pairs which any particular treatment
Ti can forms with the rest of the treatment A (v-1) i.e., A (v-1) is equal to the no. of pairs which

any treatment ti can form with the rest of the treatments. Hence r (k-1) = A (v-1).

(iii) For proving the b > v consider the incidence matrix N of BIBD.



Ny1 Ny Ny —— Ny
M = ny npp Nijg——— Ny
Ny1 Ny nv] Nyp
Ny Niz Ny Ny
Ny1 Ny Ny —— Ny
M = nj; V) nj——— Ny
\nvl Ny Nyj — — — Nyp
b 2 b b
Z]-=1n 1j Zj 1nijn2j Zj=1ni]-n,,j
b b b
NN = Z] 1n2]-nl-j 2] 171 2j Z]-=1n2jnvj
b
\Z] 1 MM Z] 1MyNYj e Z] 1nv]
U h
. nij = Tlij tnen
/ =1y ZjMyhy e LTy
b
N k ] 1n2]nlj Z]-nzj Zj=1 nzjn,,j /
Z Nyjnj Z Nyjnyj .- Z nvj VXV
21 1nl] ng =
r—A» 0 0 A
_ 0 r-2 0 Ao
0 0 r—A» A
=1 (T - /1) +]m7
1 0 0
0 1 0
where I, = ; and J,,

0 0o .. 1 7 s



/.., be square matrix of order v X v now consider the determinant of N N

r A .. A
vyf=14 A
A A . r
Now adding (v — 1)A with the first row
r+v—DA r+@w-D4 .. r+w-14
|ﬂﬂ'|= A r A
A A r
1 1 1
R R A
A 1 .. r

Now multiplying first row by and subtracting it for the remaining rows.

1 1 1 ——— 1

, 0 r—4 0—————- 0
NN|=r+@-Djo 0 r-A--—-0
0 0 0-——-r—2

={r—-(w-nrnAr-1)"1
But from relation (ii) (v —rA=r(k — 1)
o N N'[{r + 7k = D} — )"
=rk(@r—-A)"1%0

Since|N N'| # 0, rank (NN') = v = r(N).

(iv) Toproveb =>2r+v—k.

Since we have b > r and bk = rv

sk>rorr>2k=r—-k=>0

Also, since a BIBD is an incomplete block design, hence v>k= v-k >0

From (i) & (i) we have:

1)
)



r—ky(v—k)=0.

or (%—1)(%—1)20

r.v r %

—_———— >

or 7z % k+1_0

bk r v ]
orF—E—E+120;(smcebk=rv)

orb—r—v+k >0
=Sb>r+v—=k

Proved.
Note: In case of BIBD if b-v the BIBD is known as the Symmetric BIBD

Cor: - In a symmetric BIBD (i.e., b=v) and if v is even then (r-v) must be a perfect square.
Proof: - Consider the incidence matrix

nyp ... Ny
N=| : : i |;sinceb=v

Ny1r -« Ny

NN =+ 0= DBE -
={r+rtk—D}r-21)V1
=rk(r—=D"t=ri@-2)"1
(Sincebk=r.vorvk=rv = k=r1)
or [INN'| =[N | | V]
|N| =+ — H@-0/2 (1)

Since N is a matrix of 0 and 1, hence determinent N will be an integer from eq" (1)
But if v is even then determinant N will be an integer only when (v — A) is a perfect.

Proved.



7.4  Balanced Design

A balanced design is a design in which all the elementary contrast are estimated with

the same precision i.e. The var. of each elementary contrast is the same.

Note:- In the case of BIBD we have seen that v(&@, — &) = %az; which is indeep of i & j,

which means that v(&, — &) is same for all i and j it is in this sence we say that this is a

Balanced Incomplete Block design.

Theorem: In symmetrical BIBD the no of treatments common between any two block is A.
OR

In symmetrical BIBD every block different from the first 2 block has exactly A treatments
common with the first block.

Proof: Let ai be the no of treatments common to the first and i™ block, then since each of the
k treatment of first block occurs (r-1) times in the other blocks and hence

Yo ai=k(r—1) 1)
Again, since each of the KCj pairs of the treatments of the first block occurs (A-1) times in the
remaining blocks.

T, %c2=(M-1) (“Cy)

p ai(ai—1) _ A—Dk(k-1)
iz 2 2

Y ,ai® =¥ ai= - Dk(k—1)
Yb ,ai* = A — Dk(k — 1)+ Y2, ai )
Let us consider:

b (ai— N2 =Y, ai* 20 Yl ait A2 ¥h .1
=k(A-1)(k-1)+ 3; ai- 21 ¥; ai+ (b-1) A2 using (1)
=k(A-1)(k-1)- 2A-1) ¥; ai+ (b-1) A2
= k(A-1)(k-1)- (2A-1). K(r-1) + (b-1) A2

= k(k-1) {A-1- 2A+1} + (b-1)A?



= -Ak(k-1) + (b-1)A?

= K(k-1) A+ (t-1) 22

= K(k-1) % + r(k-1) &

= k(k-1) % + k(k-1) &

b ,(@i—21)?%=0

ai= A

Therefore, for symmetrical BIBD the no of treatment common between any two blocks is equal

to no of pairs i.e., A.

{b=t for symmetric BIBD}

{\ (t-1) = r(k-1)}

{k=r for symmetric BIBD}

7.5 Analysis of BIBD

There are two types of analysis as follows:

75.1 Intra-Block Analysis of BIBD

Observation Table

Treatments Blocks
1 A i ---- b
1 Ni1y11 Ny | ... N1jy1j N1bY1b
2 N21y21 Na2y22 | ...... N2jY2j N2bYy2b
i Ni1Yi1 Ni2yi2 |  ...... NijVYij NibYib
\ Nviyvi Nvayve | ... NvjYvj NvbYvb




Total u N v v
Z Ny Z Ni2Y z n;Y; = T Z Ny

i=1 i=1 =1 i=1

=To =Ty =Top
Totals = Z]b=1 n;yi; = Tios 2?:1 Nyy2 = Too.— — —Tijo = — — Tyo
Agreegate Total = Yi_; Ti, =Xi21 Toj = Too = Xi X nijyj
Mathematical Model:

Yy =nl-j(u+ai+ﬁj+eij);j= 1,—-—-bi=1——v
Assumption:
e;js are iid ~N(0,0?)

Side condition = ¥, a; =Y;8; =0
Unrestricted Residual Sum of Squares (RSS):
SSE=Y;Y;el=SSE=%%;nf (yij —pu—a; — ﬁj)z (since nf; = ny)

Differentiating this with respect to u — a; — f; and equating them individually to zero.

ySSE __ _

=N Yij = LiXjnjhtrXia+kX;pB;
(Since ¥jn; =rand ¥;n; = k)
N ,
orT_—bk,u—u—bk—y" ()

ySSE __

— Vb
EP O_ijlnl](yl]_ﬂ_al_ﬁ])

2Ny, = Xy pt+ e+ 3 Bny
TiO =ru+ra;+ Z]nl] j (”)

ySSE __ b

iy Vi = Rily p+ Xiaing + X ,B].



From (iii) the estimate of f; is ﬁ} = %(Toj — kp — Y¥_; nyja;) substituting this equation (ii) we
get:

Tip=ru+ra;+%n; ; (T —kp—Yh_qnja;)
=rut+ra;+ %Zj n;iTo; — Zj niju— %Zj nij Xi-1 nijy
=ru+ru+ %Z?:l Ny Toj —TH — %{Z?:l nlzj a; +Z?=1 Lhzn=1Mijhaa}
=ra;+- Z] 1NijToj — {{Z 1ni2jai +Z?=lzz(¢l)=1"ifnhfah}

or (Tio — =2 nj Toj) or (Tio — =2 nyj To]) =ra; _% P Ay —

1vb
;Zj=1 Dhei=1 nij np; ah

1wb 1 b _
orQ; —ra; + ;Zj=1 n;ja; + ;Z;’lii=1{2j=1 n;jnp} =0
Where,
Q;= Z} 1 Myng =4

s~ Q; —rai + %rai + %/121;)1(::%1 ap =0

1 pl
OTQi—T(l—;)“i‘F;[ZZﬂah—“i] =0

or Q; — r(kk_l) a; + % [0 — a;] =0 (since Yj—;ap = 0)
or Q; — r(k—k1)+/1 ;=0

A(v-1) ,
or Q; — —a; =O(Smcer(k—1)=/1(v—1))

or Q; —%“i =0
K
or a; ~ Q;
_ 2
Therefore SSE = Y}, 1Z] i (Y —a—a,—pB)

=Yl Xy (Yy—n—a —B)



(since other terms will be zero because of normal equation)
= Xi-1 Z?=1 n;; yizj — [ Y Z?=1 nijyij — Yi-1 Z?=1 ngjyij — @, —
X1 Z?=1 nijyij — E]

. ~ 1 .
=X Xiniyh — i Too — XjTio @ — Xi_1 2=y nijyij 3 (Toj =k A =
21}]1=1 nnjah)

. ~ 1 .
= ZiZjnijyl'zj — [ Too — Z?:lTio a, — EZ?:l Tozj + 01T +
1 v 1
~2jToj Licamyja; +

1 1 ~
=Y Xin; Y& — =2 TS — X (Tio - ;Zi"ijToj) @,
This will have bk —b — (v —1) = bk — b — v + 1 degrees of freedom.
i 2
SSE" =%y (v, — 1= B))
2
= ZiZjnij (yij —H— 'Bj)
#(since wo make a assumption Y a; = 0)

Differentiating this with respect to x and ,Bj and equating them individually to zero.

dSSE” .
T=0=Zi2jnij(yij_ﬂ_ﬁj)=o (iv)
dSSE”

T=0=Zinij(yij_ﬂ_ﬁj)=o (v)

From equation (iv)we can write i = T;—}: and from (v) we have T,; = k(u + ,Bj) or i +
Toj
Bj = 7]
" n 2
~ SSE* =% %n; (vij— A —By)
=% 2inyYy vy — A= B))
(Other terms being zero of normal equation (iv) & (v))

T .
=i % Yh — LiZjn Vi =2



2.
=% %yny Y5 — ;-2 ; this will have bk — b d.f.
~ Sum of Square due to Treatment (adj) = SSE* — SSE (adjested)
TS 1 -
=i X Yh —ijj—= XX Yi —;ZjTozj +X;0: 4,
= Qia;

It will have (v-1) d.f.

ANOVA Table for Intra Block Analysis of BIBD

Sources of | Degrees of Sum of Squares Mean Sum | Variance
Variation Freedom of Squares Ratio
- 1
Blocks b-1 GsB = = Tozj _CF MSB
: k
(unadjusted) 7
Treatments v-1 SST = Z 0,1, MST (adj) P MST
(adj) 7 M3E
Error bk-b-v+1 1 MSE
SSE = Zznijyfj - EZ Ty
i j
- Z Qi
j
Total bk-j TSS = ZZ ny Y2 — CF
i

Note: - Ifb =vthen N M = & N and A will be equal to the no. of treatments between any two

blocks.
. 1 o k
SST(adj) = X Qia; where Q; = Tio ——-X;n; Toj and @, = - Q;

#V = (Tip)v(Z: ZnYi;) = v(Zingj ei))
= Yjnyj v(e;) =Xjnjo0? =rao’

v(To;) = v(Zjmniy yij) = Xjmij v(Cyj)

Variance of the Difference Between Two Treatment Effects:




If ; and a; are the i"" and j™ treatment effects then:

k _k
ai_EQi' aj—ﬁ Qj

Therefore:

v(@—a)=v (5 -5 0)

= 12p2 var (Ql - Q])

= - var [v(Q) —v(Q)) - 2(v(: - @)

Now Q; =Tj, —% Xinij Ty
ork Q;=kTy, — Xjng Ty

= (k=D Typ— (T Toj — Tio)
The expression ¥;n;; T,; — T, is now the sum of rk-r = r(k-1) observations or treatments other
than the ith treatment. Therefore,
v(kQ) = k*v(Q) = (k= 1)*v (Tip) + v(Z;ni; Toj = Tio)
Since covariance terms will be zero.

=k -1D2ro?+r(k—1)o?

=r(k—D[k—-1+1] 02

=1k (k—1)0?
Therefore v(Q;) = % a?
— T(k—l) 0_2; Vl
K

To obtain covariance between Q; and Q; we have i, Q; = 0, therfore we should

have V(XiZ; Qi) = 0.

v

or we have z v(Q;) + Z cov (Qi - Qj) =0

i=1 %)



Zr(kk—_l)az+V(V—1)C0v(Qi_Qj):0
i=1

ruv(k—1)
Tk v(v )

2

or cov (Qi — Qj) =

T (k-1)
k (v-1)

_Ak-1D) 5
k (v—-1)

A
= _EO-Z

r(k—1)
(v—1)

where A =

rtk=1) , rk—-1) , QO'Z

“ V(@ - 1)_/’12 Kk ° k0 Tk

k
= 2 o2 [2r (k — 1)o? + 21 0?]

2k
= 502 [r (k= 1) +1]

(user(k—1) = A(v—1))

2k 5
=22 [A(lv—1)+ A]o
2k
= ﬁa ; Which is independent of i and j.

(This property is known as Balancing Property)

7.5.1.1 Efficiency of BIBD Relative of Randomized Block Design (RBD)

The efficiency of a design is defined as a ratio E= V//v (Vi/v) Where V is the Variance
of the estimated intra block treatment elementary contrast for design using the same no. of
experimental units, V and V, be incomplete on the assumption that the intra block error variance
is same in both cases.

#yj=uta+pi+eyio=pnt+ai+cp

Y, = 1+ Coo



v(ai) = V(j_’io - 3_’00)
= v(ai €ip — éoo)

= v(&i0) + V(€00) — 2(Eip — o)
InR.B.D. v(@, — &) = v(Fio — Foo — Fjo — Foo)
=v(u+a;+ &, —pu—a—g,)
= (&) + v(&o)

(The covariance term will be zero)

2 2
(o2 o
= __l__—_
r r

Hence v = var(c’fl — c’f]) = %02 and Vy, = v(a‘l — c’x‘]) = Z;LZ

Then:

v 202 v Av
EF=2k=-222 - 27

1% T 2ko?  rk

Alsowe haver(k—1) —A(v—1)

. /_1 _ (k-1)
T (v-1)

_k-Dy gD 1
T kw-1) %(v—l) -1z

H|?~'

In a BIBD since v >k,

<

L=
bl e

al==>1-2
v k

1
1__
Therefore, E = 1—’1‘ <1

Hence BIBD is less efficient than RBD.

75.1.2 C-Matrix of a BIBD




C matrix of an incomplete block design is given by: ¢ = ((cl-]-)); L j,=1,————v

-n2.
2jnij

Where C;; = nj; — e r—%and
Cil=Y,—~=—-=-
i#l Zlnoj k
Fora BIBD, C;; = n;p — ¥, =2
oj
_yMi_ T
=T Zlk =1
1
r(1-3)
n;j nij A
and = ¥; ’k’ -
Hence the C- matrix is given by
rk-t) A A _ A
k k k k
—_A r(k—1) —_A____—_A
C= k Kk X
R r(k—l)/
k k
rA ____4
r 0 ———-0 ko k K
_ [0 r ————— 0 A ____12
= . N el L k
00 r A r
k k
1 0——— 0 rA o———=2
0 1=== 0} _1(2 r —=——- |
e : k e e
00———-—-1 A A r
1 !
=1L, - NN
752 Inter-Block Analysis of BIBD

Inter block Analysis of BIBD is an analysis with recovery of inter block information.
In this case mathematical model is:
yij=u+ai+,8j+Cl-j; i=1—-——v,j=1—-—-b

Where,



1 be the general mean a; is additive effect due is i treatment, ej; are independent normal
vitiates with mean zero and variance o7, i.e.e;; ~N(0,05)

B; be the additive effect due to j"" block and it is normally independently distributed with mean
zero and variance % i.e. ﬁ;.s ~ N(0,0%)

Also 3}5 are independent of e;js.

Now equation (i) can be written as:

Ny, = My (u +a;+ Bj + el-j) (i)
Summing (ii)over i,

Xy Yy = Lty ot Xy + X By + Xy ey

Or,

Toj =kp+Xn; @+ f,wheref = kB; +2iny ey and

fl.~N(0, 0,%) where o* — v (f}.) = kv (,Bj) + 37, nl-zj v(cy)
= k? 0,® + Xy nf; 0.”

2 _
ij =

= k?0,% + 0, X;ny;; (Sincen? =n;; = 1or0)
= k?0,% + k 0,2
= k(0. + k 0,%)
Hence the Residual Sum of Square (RSS) is:
> sz =%7_1(Toj — kpp — Si=1 hyj a\i)z
Differentiating this w.r.t u anda; and equating to zero.
Yi(Toj — kp— ¥y nyjar;) = 0 (iii)
Ying (Toj—ku—Xin; @) =0 (iv)
From equation (iii):

Topo=nku+ryi_a; (V)

From equation (iv) we get:



2y Toj = Tk + X;ny YXpnj; @y

=rku+%; nlzj a, + 2Z¢i=1(2j n;; "hj)a\h

=T1kpt + 1@, + XF2i=1 A0y

or Xjn Toj =kl +ra; + A5 @, — a;)

Using the restrichtion },;_; a; = 0, we have from above equation:

= % and T; —rkp = (r—Aa;whereT; =Y;n; T,

[P I _ 1. Too ! _ . Too
T, —rkfl _ T; —-rk bk _ T; —rk b

o &=

r—A71

r—A71

Then &; is known as Inter-Block estimate.

ANOVA Table for Inter Block analysis of BIBD

Sources of | Degrees Sum of Squares Mean Sum of Variance
Variation of Squares Ratio
Freedom
Blocks b-1 To'2 SSB MSB
Zoj_ MSB = —— Fi=——
+ A 1
(adjusted) Z k Z.Ql l b—1 MSE
2
= Toj
- r
L
Treatment -1 Y2 SST MST
V e MST=y=1 | T msE
(unadjusted) LT v
Error bk-b-v+1 2 MST
hij yZ TOJ
2.2, "Z‘ _ SSE
Cbk-b-v+1
- Z Qiai
Total bk-1 Z h:vZ — CF
ijYij
SSB (adj) + SST (un adj) = SSB (un adj) + SST (ad))
For finding an estimate of 5,2
. . To i2 k T002 ~ k
EISSB(ad))] = E[SSB (ad)] = B |£,720 + £ 3,0 ~ 52|, (where & = ;)




Since terms on R.H.S do not involve u and a; hence for sampling we can assume that they are
zero.
1 k 1
~ E(SSB) = L E(X;Toi") + - E(Zi Q") = 2E(ZiToo”)
1 2 k 2 1 2
= EZ]E(Toj ) +EZiE(Qi ) —-%E (T,o%)

= %ZjV(Toj) + %Ziv Q) — %Ziv (Tio)

(k—1)
k

1 k 1
= EZj(kZO'bz + kaez) + Ezir O'ez - ;Zi(TO'bz +7r O'ez)

(k-1)
=Y(0p* +0.2) +r P Yi0.2 =Yi(0,% + 0,2)

#V(Tio) = V(ZjniB; + Tingeis) = Xjni; v(By) + Ejmy; v(eys)
=ro,? + ro,?

#E(T,;) =E(kB; +Xnje;) =0

(ii) we have Q, = 0 = E(Q,) =0

(i) we have ny; y,. = nyB, + nycy = Ty = Eyny; vy = XjnyB; + X hyjcyy E(Tio) = 0

We assume Z a; = Zﬁj =0 thenv(T;,) =V (f;)
i J

Now,
= bk 0% + bo,? + % vr(k + 1)o,? — (vo,? + vo,?)
= (bk — v)a,? + {(b —v) +2 v - 1)}032
= (bk —v)op? + (b — 1)0,?
Therefore
E (32292) = £(MSB(ad)))
_ bbk_—lv sz + O'ez
E(MSB — MSE) =2=" 6,2 + 0,2 — 0,2 = ==~ 0,7

b-1




or
— b-1 _ — 42
—E [bk_v (MSB MSE}] =0,
. 2 —~2 b—1
Estimate of 0, = G," = E{MSB — MSE}
= 2L (MsB — MSE)
n-v

where N = bk

7.6 Resolvable BIBD

A BIBD with parameters v, 1, b, k, and A is said to be resolvable if the b blocks can be
divided into r groups of b/r blocks each, b/r blocks forming any of these groups give a complete
replication of all the v treatments.

# (e.g., if b=8, r=4, b/r=2, i.e., 2 blocks occurring at least one)

Evidently in the case of resolvable design b is a multiple of r.

Theorem: - In a resolvable BIBD with parameters v, r, b, k, and A

b>v+r—-1
Proof: - Consider the incidence matrix N of this groups of columns each where any group of
columns is such that; one occurs once and only once in each row of the group. By adding 1%,
AL (b/r-1)™ column to the b/r'™ column of a group we obtain a column consisting of one
only, as there are groups and for each of these groups and column add it to the same vector.
We have:

v=rkof (N)=r(N)andv<b—-(r—1)=b—-r+1

101010
100101
100010
010110
011010
010101

#of v=cthin N =

Another Point: - Since the design is resolvable b/r must be an integer, say equal to n. i.e., b/r =

n, (say)

=b=r.n (1)

But for a BIBD, vr = bk



=vr =rnk = v =nk (i)

Also, for a BIBD
rk—1)=Av—-1)=2A(nk—-1)

_ Ank-1) _ Ank-1

=7r=
k—1 k—1
_ Ank—-A-An+An _ An(k-1)+A(n-1)
o k—1 o k-1
_ A(n-1)
=An+ "D
An = 20D (iii)

k-1
Since r, A and n are all integers, r- An must be an integer and hence from equation (iii) must be
an integer.
Now, if possible, letb <v+r—1
i.eb—r<v-1 (iv)
=m-r=rn—-1)<v-—-1; (from (i))

r(n—-1) .
A )

=rn—1)< [Sincer(k —1) = A(v — 1)]

k-1 Aln-1)

=>n—1<7=> P} <1
Which is a contradiction to the fact that Mk"__ll) is natural number (+ve integer). Hence the
assumption is wrong.
~bhb=>2v+r—1
7.7 Affine Resolvable BIBD

A resolvable design is said to be affine resolvable if b=r+v-1 and any two blocks from

deferent sets have k?/v treatments common where k?/v is an integer.

Example: Consider the following data for the catalyst experiment and analyse it.

Treatment Block (Batch of Raw Material)
(Catalyst) 1 2 3 4 i




1 73 74 _ 71 218
2 . 75 67 72 214
3 73 75 68 B 216
4 75 . 72 75 222
Vi 221 224 207 218 y..= 870
Solution: Thisisa BIBD witha=4,b=4,k=3,r=3,A=2and N=12.
y? 870?
Total Sum of Square (TSS) = Zizjyfj — 75 =63156 - —- =81
2
Block Sum of Square (SSB) = %Z}LM’,ZJ- - ==
= 1[2212 + 2072 + 2247 + 2187] - > = 55

12

To compute the treatment sum of squares adjusted for blocks, we first determine the adjusted

treatment totals as:
Q, = (218) — 3(221+224 +218) = =
Q, = (214) — (207 +224 +218) = =
Q; = (216) — (221 +207 +224) = =
Q, = (222) — ;(221+207 +218) = 2

The adjusted sum of square for treatments is computed as:

3[(=9/3)2+(=7/3)%+(—4/3)2+(20/3)?]
2%4

4 2
SSTr (Adjusted) = “2=14 = = 22.75
Sum of Square due to Error (SSE) = TSS — SSTr (Adjusted) — SSB
=81-22.75-55=3.25

The analysis of variance (ANOVA) is shown in table below:

for blocks)

Sources of Degrees of Sum of Mean Sum of Variance
Variation Freedom Squares Squares Ratio
Treatments (adjusted 3 22.75 7.58 11.66




Blocks 3 55.00

Error 5 3.25 0.65

Total 11 81

Because the Fran. = 5.4095 < Fca. = 11.66, we conclude that the catalyst employed has
a significant effect on the time of reaction.

7.8 Partially Balanced Incomplete Block Design (PBIBD)

Balanced incomplete block design which was studied earlier are the most efficient
among all connected incomplete block design in which each block has the same which each
block has treatment is number of plots and each treatment is replicated the same no. of time.
However, BIBD do not always exists and for certain only with an extremely large no. of

replicates.

Corrected Design

An incomplete block design in which all the treatment contracts are estimable is known
as a connected design.

Partially balanced incomplete design (PBIBD) we used to overcome these difficulties.
In this the number of replicates for each treatment can be made much smaller as compared.
BIBD, However the design though connected is no longer balanced. i.e., All treatment contrasts
of the type ti-tj; are not estimate is the same variance.

Association Schemes
The concept of an association scheme is needed for the definition of PBIBD Given &
symbols 1,2,------ v. We have an association scheme with m classes is the following conditions
ae satisfy.
(i)  Any two symbols are either 1%, 2" ——eeeeee- soon or m™ association being symmetrical
i.e. if the symbol & has nj no. of i associate, then g is the i" associate of « .

(i) Each symbol a has ni no. of i associates the no. ni being independent of

(iii) If a and B are the i"" associates, the no. of symbols that are j" associates of ¢ and k'

associates of g, is pj".k and is independent of the pair of ith associates a and S .

Ex. Consider the following arrangement of six symbols i.e., i-----6.
1 2 3



4 5 6
With respect to each symbol the other symbols in the same row the first associates the one
other symbol in the 2" associate and the remaining two symbols are the 111" associate, 4"

2" associate and 5, 6 are the 3" associate of the 1(one).

Treatment It associate 11" associate 111" associate
1 2,3 4 4,6

2 1,3 5 4,6

3 1,2 6 4,5

4 5,6 1 2,3

5 4,6 2 1,3

6 4,5 3 1,2

Py =1 Py =2 a=1 B =4

The result is a 3-class association scheme with ni1= 2, no=1, nz = 2. The method can be used
to generate 3 class associate schemes for mxn symbols by arranging in m rows and n columns
such schemes are called rectangular association scheme.

Another example of a two-class association scheme is the triangular association scheme

. . -1 .
obtain by arranging V' = "("2—) symbols in n rows and columns are as follows:

(i) The positions in the principal diagonal are left back.

(if) N(n-1)/2 above the principal diagonal are filled by the numbers 1---- v corresponding to
the symbols.

(iii) The position below the principal diagonal is filled so as to maintain symmetry above the
principal diagonal.

The symbols entering in some row or columns with i are the first associate of i and rest are 2"

n(n-1)

associate. Thus V=6 = =n=4%
X 1 2 3
1 X 4 5
2 X 6
3 5 6 X



The I and 2" associates are as follows:

Treatment It associate 11" associate
1 2,345 6
2 1,3,4,6 5
3 1,2,2,6 4
4 1,5,2,6 3
5 1,3,4,6 2
6 2,3,4,5 1

PBIBD- Suppose the v treatments follow an m- association scheme, then we get a PBIBD

with m association class if these v treatments are arrange into b blocks of size k(< V') such

that:

Q) Every treatment occurs at most once in a block.

(i) Every treatment occurs exactly r blocks

(iii)  If two treatments «a and S are the ith associates, then they occure together in A;
blocks, the no being independent of the particular pair of ith associates « and £3.

The numbers V, b,r, 4; , ni (i=1, ----,m) are known as the parameter of first kind and

p]i.k(i,j, k = 1,— — ——,m) are known as the parameter of 2" kind.
7.8.1 Relationship among the Parameters of PBIBD
(i) vr=bk

Proof: - The R.H.S. given the total no. of plots in the design and the L.H.S. given the total
no. of treatment which are to be used for the total no. of plots in the design consequently

Vr=Dbk.
@i ytryn=v-1

Proof: - Let us consider any particular treatment « out of the v treatments and then we will
be left this other v-1 treatments other than the one which was considered for m association

scheme any treat will be either 1% associate or 2" associate or so on up to nth associate of treat



a. Also, there are n; no of i associate of treatment a, therefore v-1 will be equal to ny+nz+----

-+thm.

@iy Y ynidi=rk—-1)
Where 2; is the no. of times the i'" associate of treatment & occur together.

Proof: - Let us consider r blocks in which a particular treat a occurs from this block we
can found r (k-1) pairs of treatments a keeping as one of the treatments. Among these pairs,
the i associate of a must occur A; times and there are nj numbers of i associates of
a(i=1,————nn). Hence Y2 niA; = r(k —1).

1, ifi=1
0; if i#j

(iv) Y, p]‘:k =n; — d;;where 9;; = {
Proof: - Let a and 8 be the i associate. In this case, the k™ associates of a(k = 1 — — — —n)
should cover all the nj no. of j" associate of 8. (j # i). Thus:
Z‘=1p]i-k =n;(x # j) i.e.p]i-1 + p]i-z +-— - —p]i-m =n;
In the previous example: j=1, a =1, =2
pi =4, p3, =0, n, =4, N
When i=j, a itself will be one of the j™ associates of 8. Hence the k' associate of a (k=1----
m), should cover all the nj-1 associates of . Thus
Sieapp = —1lifi=]

Combining these we have the result: Zk’”:lp]i.k =n; =0
™ n p]l:k = n;py,

Proof: - Consider a treat «, let G; denote the set of i associate of a. Each treatment in Gi

has exactly p;'.k kth associates in G;.



a = 1;3 =2 Gi = {2)3)415}! GZ = {b}
j Gi={1346}, G, ={5}
k=12

Pl P31 =0, piy =2

Similarly, each treatment in G; has exactly p{k k™" associates in Gi. Thus the no. of pairs of

k™ associates that can be obtained by taking one treatment from Gjand another from G;j is n;

P}, on the one hand and on the other hand i), - Hence n; P = n P

(vi) The number of independent parameters of the 2nd kind p]‘:k i,jjk =1———-min

the case of a PBIBD with m class (i.e., PBIBD(m)) is m(m2-1) /6

Proof: - Let

Pi1 Pim Pi1 Pim il Pim

P21 Pam P21 Pim PZi Pim
P, = : : ,————P; = : : , Py, = : :

\p}m pénm/ \p,inl p;',,m/ \p% pn"%m/

We know that:
2k=1 P]i'k =n; = 0y ()
i.e., row tables of matrix Pi, i-1-----m are fixed (i.e., n; — d;;) Also we have

n]-p]",k =n Ji.k (i)

on taking i=1, j=2 we have n,pj, = n,p3,

i.e. Once being determined the elements of the 2" row of matrix P1, then the elements of
1% row of P, is known similarly if we know the 3 row of P,, then the 2" row of P3 is known
i.e. for i=3, j=2 we have n,pZ, = n3p3, and soon further, we observe that matrix Pi, i=1,---m

are symmetric matrixes (i.e. p]i.k = p]i.k), Let us consider the matrix P1. Since P1 is a symmetric

matrix therefore the no. of independent parameters in the first row of Py is m, in the 2" row is
(m-1), in the 3 row is (m-2) and so on and in the m™ row is 1(one). But we know from relation,
we know that the row totals of Pi matrices are fixed.

Therefore, instead of m independent parameters in the 1%t row of P1, there will be only (m-
1) independent parameters. Similarly in the 2" row of P; there will be (m-2) instead of (m-1)
independent parameter and in the 3" row m=3 instead of m-2 independent parameter and so on



and in the m™ row zero independent parameters. Hence the no. of independent parameters in

m(m-1)

P1 = (m-1) + (M-2) + ------ +1+0 = ——=m,,.

Now consider the matrix P, and observing from (ii) we know that the elements of 1% row
can be determine form these of elements of 2" row of P1. Hence there is no independent
parameter in the first row of P,. Agreeing P1 we see that the no. of independent parameter in

the 2" row of P, in m-2, the no. of independent parameter in 3 row P, is m-3 and no

independent parameter in the m™ row for P2 = (m-2) + ------ +140 = DD

m—1g,.
Similarly considering Ps, we observe that the elements of the 1% row of P3 can be
determined from the elements of 3" row of P, and the elements of 2" row of P5 from third row
of P2, which means that there is no independent parameter either in the first row or in the 2"
row of Ps. Arguing as about we see that the total no. of independent parameters in the 3" row

of P3 is m-3, in the 4" row m-4 and so on and in the m" row no independent parameter in the

(m-2)(m-3) _

row. Hence the no. of independent parameter in P3 = (m-3) + ------ +1+0 = >

m—2¢,.
Arguing is the similarly manner the total no. of independent parameter in.
Pr=m—(i—1)c,=m—({+1)y,
and
Ppy=m—-(m=-2),=2¢,=1,PB,=0
i.e., there are no independent parameters in Pm. Hence the total no. of independent

parameters in Py, P2, ----- Pm is:

m-—2

me, +m—1c, +m—2¢ +3¢, +2¢, = ; m—ic, =w
Proved.
7.9 Compounding BIBD
Let Sy, So, ......... Sp be the block of a BIBD with parameters u, b, k, r and A then if S;
is said to be the complementary block of Si which contains elements i.e.
Si={L,2,————v} -5
Then the design form with the blocks S;,S'Z - —— —S}, will form another BIBD known as the

complementary of the original design with parameters V1 =V and bi=b, but ry, = b-r, ki =v-
kand A ;=Db-2r + 4.



7.10 Complementary PBIBD

For every arithmetically possible design with parameter of the first kind (i.e. b, r, v, Kk,

A, Ay — — — Ay, Ny, Ny, — — —N,y) and the associated parameters of the 2" kind p}i.k there is a

complementary design with the same no. of blocks and of treatment as before but having (v-
k) plots per block and b-r replications of each treatment the A; of the design will be (b-2r) more
than the A;‘s of the first design.

The ni’s and the p}i.k will be the same for both the designs.

7.11 Self-Assessment Exercise

1. Define a Balanced Incomplete Block Design (BIBD) and state the important relations
among its parameters.

2. Describe the analysis of Balanced Incomplete Block Design (BIBD) without recovery of
inter-block information.

3. Seven different hardwood concentrations are being studied to determine their effect on the
strength of the paper produced. However, the pilot plant can only produce three runs each
day. As days may differ, the analyst uses the balanced incomplete block design that follows.

Analyze the data from this experiment (use 0=0.05) and draw conclusions.

Hardwood Days
Concentration (%) 1 2 3 4 5 6 7

2 114 120 117
4 126 120 119
6 137 117 134
8 141 129 149
10 145 150 143
12 120 118 123
14 136 130 127

7.12  Summary

This unit provides an overview of the concepts of Balanced Incomplete Block Design
(BIBD) and Partially Balanced Incomplete Block Design (PBIBD), their construction and
analysis as well as some different types of block designs such as resolvable design and affine

resolvable design.
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8.1 Introduction

The complete block designs, like completely randomised designs, randomized block
designs and latin square designs are unsuitable if the number of varieties in varietal trials is
large, say, exceeding ten. In factorial experiments, when the number of treatment combinations
is large, the device of confounding is used to reduce the block size. The process ensures more
precise estimation of lower order interactions at the cost of some of the less important higher
order interactions which are confounded with the (incomplete) blocks. In varietal trials with no
factorial structure of treatments comparison of all possible pairs of treatments are required to
be estimated desirably with the same precision. Therefore, no contrast can be completely
confounded with blocks as in factorial trials. It can be seen that precision of estimate of the
difference between two treatments, more precisely effects of two treatments depends on the
number of times these treatments occur in blocks, i.e., number of replications of two treatments.
This fact has been used to construct designs for varietal or similar trials with large number of

treatments so as to reduce the block size and hence obtain incomplete block designs. It is an



experimental design, used to compare several treatments while dealing with constraints on
resources, time, or space. This plan doesn't include every possible combination of treatments
in every block and works well when it's not possible to run the whole set of treatments in each
block, or when researchers want to lower the chance of mistakes and account for certain factors
without completely randomizing the treatments. For example, consider a plant breeding
experiment where different varieties of a crop need to be tested for yield. But because of room
issues, it's not possible to grow all of them in the same place. With an incomplete block plan,
varieties that need similar conditions for soil or climate could be put into blocks. Each block
would have a subset of all the varieties. This design lets researchers test each variety while
taking into account factors that are unique to each place.

Split-Plot Design and Strip-Plot Design are also two experimental design techniques
used in scientific research, particularly in agriculture and industrial experiments. These designs
are variants of the more common completely randomized design or randomized complete block
design. A split-plot design is a type of experimental design that looks at the effects of more
than one factor or treatment. It is especially useful when it's not possible to use all treatments
on all experimental units because of time, space, or cost issues. This is often used in scientific
study, like in agriculture, engineering, and industrial testing. Whereas, a strip-plot design is
used to look into how different causes or treatments affect a population. This design is like a
split-plot design, but it has some differences and can be used in different situations. For
example, it can be used when it's not possible or cost-effective to apply all treatments to all
experimental units and researchers want to control for certain factors or changes in the

experimental area.

8.2 Objectives

After going through this unit, you should be able to:
e Perform the Inter-Block and Intra-Block analysis of Incomplete Block Designs,
e Construction and analysis of Split Plot Design,

e Understand the concept of Strip Plot Design.

8.3 Incomplete Block Design




Let Vi denote the observation receiving i"" treatment in the j™ block and let n;; be the

number of such treatments. Then the observation table in case of an incomplete block design

is given by:
Treatments Blocks
1 2 j b
1 1Y 14 n12Y 12 nljylj N1bY1p
2 N21¥Y 54 Nn22Y,, anyzj N2bY5p
[ i1y N2y, Ny, NipYy,
v Ny1Y1 N2, nvjyvj nvbyvb

Note that only k plots of each block is non-zero, while the rest of (v — k) plots are zero.

The mathematical model is then given by:
nl-]-yij = Tlij (,Ll +a; + ﬁ] + ei]-),

where
u is the general mean, a; is the additive effect due to i™ treatment, ,8]. is the additive effect due
to j™ block, e;js are the random effects which are assumed to be iid random variables distributed
according to N (0, o2).

The mathematical model in case of an incomplete block design is a particular case of

the model for a two-way classification with unequal number of observations per cell with no

interaction between rows and columns and n;; = 1 or 0. Here in the case of an incomplete block

design, the additive effect 5; may be a fixed effect or a random effect having certain
distribution. In case ,8;.5 are fixed effects, then we have Intra-Block Analysis (Analysis without

recovery of inter-block information). If ﬁj'.s are random effects having certain distribution, then

we have Inter-Block Analysis (Analysis with recovery of inter-block information).

8.3.1 Intra-Block Analysis of an Incomplete Block Design

Intra block analysis is a special case of analysis of a two-way classification with

unequal number of observations per cell. If n;; denotes the number of observations in the (i, e



cell of a two way classification, then the same analysis will hold for an incomplete block design

with n;; = 1 or 0 . The mathematical model is:
Ny = Ny (ll tai+pB+ eij)v
where

u is the general mean, a; is the additive effect due to i*" treatment, 8 ; is the additive effect due

to j™ block which is assumed to be fixed effect, e;js are the random effects which are assumed

to be iid random variables distributed according to N (0, o2).

In a two-way classification with p rows and g columns and unequal number of
observations per cell, we have:
SSRows (adjusted) = 37 _1 0,

where

Q=Ti - Zle"%_"‘ and

Cnay +cpa + -+ cpa, =QWithay + ay + -+ a, =0.
Here we have p =v, g = b,

Mg +ng+ ot g =Yg n =

ny tny + o+ ny =X n; =k

Also, since n?; = n;; = 1 or 0,

Ny _

lJ_ n;, _ r_ T(k 1)
C Z] 1__nl Z] lk_ l._f_r_z_r(l_;)

and

TLUTll]

cu@#D=-X]- =— %2?21 ngmn = — %Ail, where 4;; is the number of times the i and

the 1™ treatments occur together in all the blocks.

Thus, we have,

(k—l) Ay _
T . Zl(il) 1% al Q and ar+ a,+ -+ «a, =0. (A)

Now T; = 2}’21 nyy, is the total yield for the i*" treatment,

T;=3XLinyy, is the total yield for the j™ block and

Q,=T;— Z?:f%T.'j is the adjusted yield for the it treatment.
J



The adjustment being that we subtract the block average for those blocks where in the i
treatment occurs from the total yield of the i treatment. Hence the Sum of Squares due to
Treatments (adjusted) is equal to ¥:7_; Q,a; and a; is to be determined from the set of equations
given in (A).

ANOVA Table for Intra block analysis of an Incomplete Block Design

Sources of | Degrees of Sum of Squares Mean Sum of | Variance
Variation freedom Squares Ratio
Treatment v-1 SST.=Y",Q:q; M.S.T.= 5'5':' F= %
(adjusted) v ~
_ _1 2 _ S.S.B.
Blocks b-1 SS.B.= ¥ T;— C.F. M.S.B.= =2
(unadjusted)
Error bk — v — SSE=Y Y0 n;yf — M.S.E.=
b+1 S.S.E
% F=1TF = Xi1 Qia; bk-v-b+1
Total bk — 1 T.8.8. =X X1 n;ys — CF.
8.3.2 Inter-Block Analysis of an Incomplete Block Design

The mathematical model is then given by:
Ny = Ny (ll tai+ B+ eij) 1)
where p is the general mean, a; is the additive effect due to i treatment, ,B;.s are the

additive effect due to j™ block which are assumed to be iid random variables distributed

according to N(0, o), e;js are the random effects which are assumed to be iid random variables
distributed according to N (0, 62). Also ﬁ;s are independent if e;js.
Summing (1) over i, we get:
Yy = Xt (# ta+ B+ eij)-
OrT,; =Xl nypu+ X ny o + Xy B, + Xz ey [since Xi_; ny; = K]
=kp+ Yioinj ap + kB + X n e

= ku + Zli):lnl'j a; + f}',



where f, = kpB; + Xi_yn; ey are residuals, which are assumed to be iid variables each
distributed as N (0, o7), and
a7 =V(f;) = V(kB; + Xi_1ny; ey)
=KV (B;) + ZiiniV(ey)
=k’o} + YV nyol = k’o} + ko?.
For estimating u and «;, we differentiate the sum of squares due to residuals
- ff =3(Ty—kp— Tgny a; )’
with respect to u and «; and equate to zero individually.

Thus,

8(xhoy 2
( 15#1 1): _2k2?=1(’1‘_j —ku — Zli;lnij Cli):O.

Or Z]b=1(T] —ku— Z}]:l n; a; ) =0

= T —bkp— (8- ny)a; =0.

Or T =bku+rXi_a; [since X2_; ny; = rl.
Now since 37 a; = 0, we get an estimate of pas g =1 =7 .

821 17)

Similarly, ==
2

=0 gives:
Yo_any(Tj—ku— 2in; a;) =0.
Or X i nyT; =k X5y nyju + X2y nyj Bhoy nyjan
=k Yl i+ Yl na+ YV o (Ch ning)a
j=1Mijl j=1Tj & h(zi)=1\Zj=1ijltnj)An
=kYPngu+ X0+ Thisi=1 A an
=k Z?=1 Ny, +1a; + Xhei=1din An.

This equation has to be solved for a; for obtaining an estimate of a;, which is simpler if all the

/’l;hs are same. That will be the case of a Balanced Incomplete block design.



8.4  Spilt Plot Design

In field experiment, sometimes a factor has to be applied to a large experimental unit.
This is true when different types of ploughing or irrigation have to be compared. In such cases,
it is possible to introduce a second factor which does not require large plots, with a small
number of levels into the same experiment, at a little extra cost. This is done by splitting the
plots (called whole plots) of the first factor into as many subplots as there are levels of the
second factor.

A split-plot design with an RBD for the first set of treatments (called whole-plot
treatments) is done by applying the whole-plot treatments to the plots of each block and then
randomizing. The second set of treatments (called the sub-plot treatments) is then applied to
each of the whole-plots of the blocks.

The difference between the split-plot design and an ordinary two-factor experiment is
that, while in the former case the randomization is done separately for the whole-plot treatments
(of a block) and the sub-plot treatments (of a whole-plot), while in the latter all the treatment
combinations of the factors are allotted at random to the plots of a block.

This enables us to test for the main effects of sub-plot treatments and the interaction of
the whole-plot treatment and the sub-plot treatments more efficiently than the main effects of
the whole-plot treatments in a split-plot design. On the other hand, the main effects and the
interaction are all tested equally efficiently in the two-factor experiment in an RBD.

There is another interpretation of the split-plot design which brings out its similarity
with a confounded design. If the sub-plots are considered as plots and the whole plots as blocks,
we find that the differences among the whole plots are same as the differences among the levels
of whole-plot treatments. So, this design may be said to have confounded the main effects of
the whole-plot treatments. In this respect this design violates the earlier recommendation in
that confounding in factorial experiments should preferably restricted to higher-order

interactions.

8.4.1 Layout

The p levels of the factor A are randomized according to the plan used in an RBD or an
LSD. The q levels of the factor B are then randomized inside each whole-plot of factor A by
dividing each whole plot into g sub plots. The randomization is carried out separately for each
whole-plot of a block.



8.4.2 Analysis

Suppose we have a factor A at p levels, which are arranged in an RBD using r blocks,
and a second factor B at g levels are applied to each plot of a block after subdividing each plot
into g subplots. So, there are p whole-plots in a block, q subplots in a whole-plot and there are
r replications.

The mathematical model used is:
Yijk = i+ ai + fj + &ij + pct Jjk + €ij; 1)

i=1,2,...,nj=12,..,p;k=1,2,...,q,
where x is the general mean, «; is the additive effect due to i replication, f;j is the additive
effect due to j™ whole-plot, y is the additive effect due to k™ sub-plot of j" whole-plot, i is
the additive effect due to interaction between to j™ whole-plot and k™ sub-plot, ejj is the error
for the RBD with only whole plot treatments and eij« is the error for the entire design, which
are assumed to be iid variates each distributed as N (0, ¢?). The side conditions are:
Zai = Zj:ﬂj = Zk:yk = jZa“jk = ;511( = iZeij = JZeij =0.

vk vj vj vi

Then unrestricted residual sum of squares is given by:
2
SSE = ZiZjZkeizjk: 22 Xk (yl-jk —H—a=Bi—ey =Y, — 5jk) :
To estimate the parameters, we differentiate this with respect to u, a;, B}, €;;, v« and &, and
equate to zero individually. Thus, differentiation with respect to « gives:

ZiZjZk(yijk —H—ai=Bi—ej—V,— 5jk): 0

~ T
>T —pqru=0 = = o = Vo

Differentiating with respect to a; gives:
ZjZk(yijk—,u—ai—ﬂj—eij—yk—6j ):O, Vi =12,...,r.

~ Ti, ~ _ -
>T, —pqu—pqa;=0>a,= —=—-[ =y

vq Y

Differentiating with respect to ﬁ]. gives:

ZiZk(}’U-k—ﬂ—ai—,Bj—eij—]/k—5jk):0, Vj=12,..p.



Differentiating with respect to e;; gives:

Zk(yijk—u—ai—ﬁj—el-j—yk—c?jk):0, vVi=12,....,r5j = 1,2,...,p.

—~

" _ Ty o~
=Ty — qu—qa;—qB; - qeij:():}eii:?] —E-@— f

<l

ij._y..._ Vit Yy~ 7.j.+

<

LYy T Y Yty
Differentiating with respect to y, gives:
Zizj'(yijk—‘u—ai—ﬁj—eij—yk—Sjk) :O, Vk = 1,2,...,q.

T _~ —
pr M7

<l

=T — pru—pry,=0=>79, = k=Y.

Differentiating with respect to 4 gives:
Zi(yijk—ﬂ—ai—ﬁj—eij—)’k—5jk) =0.

> Tj—ru—1B,— 1Y) — r6jk:0:3jk:%_ A— pi— vk
=V~ .~ y.j. TY oYVt =Yk~ 7.}'. Vit Y.
Hence, on substituting these estimates in (1), we get:

Voo =50 =)+ -5 )+ G- 7 -5+ 5) G- 7))

(= V- Tat V) e

S8 =Yy — Vi ~ YtV

Let us call the sum of squares of this error (which is due to chance cause) as SSE,. Then:
_ 2 _ _ _\2

SSEZ - ZLZ]Zk eijk - ZlZ}Zk (yijk - J’U - y]k + y]) .

This will have pgr — pr —pg + p = p(q — 1)(r — 1) degrees of freedom.

Now consider:

Yijk = V.. = (71'1'. - 7) + (yijk - yij.)'

Squaring both sides and summing over i, j and k, we have

Y% Xk (yijk - ?,,)2 =22 Xk (7ij. - 7...)2 2% Xk (yijk B yij.)z



Or
Grand Total Sum of Squares (GTSS) = TSS (between whole plots) + TSS ( between sub-plots

within whole plots)
Also 3, =5 =, -3 )+(7,-7)* (- 7. -5, +7.)
Squaring both sides and summing over i, j and k, we get:
2 2
257y 7)) = SEnG, - ) LT, V) v hy (P, -V -V, +

7.)

TSS (between whole plots) = S.S.Replicate + S.S. Whole plot + SSE;,

where SSE; = ¥, ¥ Xk él-zj, represents the sum of squares due to error (or chance cause) in case
of an ordinary RBD without splitting the plots.

Thiswill haverp—1=(r—1)+ (p—1) + (rp—r—p + 1) degrees of freedom.

Again:

Yie = Vij. = Gi— Y )+ (yjk YV~ Vit 7) + (yijk Yy ~Vp t 3_’.1'.)'

Squaring both sides and summing over i, j and k, we get
_ \? _ — \2 _ _ _ _\2
STk (Ve = ) TR T = V) LT n (T = V-Vt V)t

S5 (Ve — g~ T+ Y,)
TSS (between sub-plots within whole plots) = S.S. Sub-plot + S.S. Interaction (Whole-plot x
Sub-plot) + SSE,.
Thiswill have rp(g—-1)=(g—-1)+(pg—p—-q+ 1) + (pqr — rp— pq + p)
=(q-1)+(p-1(@-1) +p(q—1)(r—1) degrees of freedom.

Hence the analysis of variance table is given by:

8.4.3 ANOVA Table




Sources of | Degrees of Sum of Squares Mean Sum of | Variance
Variation freedom Squares Ratio
Replication | r—1 SSR MSR= ﬂi
ro(= — N2
=paXio (¥, — ¥.)
_MSW;
Whole-plot MSWp :ifTWf FL =SS er
p-1 SSWp
p (= N2
=qryl, (v, - 7.) MS E: =
E1 SSE,
r—-DE-1
SS Ex
(r-1DpE-1)
=%V, — V.-V, +
2
.)
Total TSS (between whole plots) =
between m—1 2
whole- ZlZ}Zk (J’U - y)
plots
Sub-plots | q-1 S.S.Sp= M.S. Sp = F, =MS:5p
MSE,
— _ \2
i (v, = 7.) 55.5p
q—1
Interaction £, = MsI
= 2=
(Whole- MSI MSE
SSI =
plot x Sub- SS1
-1)(@-1 — - = P-D@-1)
2
y.)
E2
MSE2 =
SSE,
p(q—1D(r—1)

SSEZ =




p(g — 1)(r - Ni2j Xk (yijk Y.~ Y T
1) 2
y 1)
Total TSS (between sub-plots within
between pr(q—1) whole plots)
sub-plots
- - y 2
within =22 Xk (yijk - yi}'-)
whole-
plots
Grand pqr—1 GTSS = ZiZjZk (yijk - Y.
total

Example: Consider a paper manufacturer who is interested in three different pulp preparation
methods (the methods differ in the amount of hardwood in the pulp mixture) and four different
cooking temperatures for the pulp and who wishes to study the effect of these two factors on
the tensile strength of the paper. Each replicate of a factorial experiment requires 12
observations, and the experimenter has decided to run three replicates. This will require a total
of 36 runs. The experimenter decides to conduct the experiment as follows. A batch of pulp is
produced by one of the three methods under study. Then this batch is divided into four samples,
and each sample is cooked at one of the four temperatures. Then a second batch of pulp is made
up using another of the three methods. This second batch is also divided into four samples that

are tested at the four temperatures. The process is then repeated, until all three replicates (36

runs) of the experiment are obtained. The data are shown in table below:

. Replicate-1 Replicate-2 Replicate-3

Pulp Preparation

Method

1 2 3 1 2 3 1 2 3

Temperature (°F)

200 30 34 29 28 31 31 31 35 32
225 35 41 26 32 36 30 37 40 34
250 37 38 33 40 42 32 41 39 39
275 36 42 36 41 40 40 40 44 45




Solution: In this split-plot design we have 9 whole plots, and the preparation methods are
called the whole plot or main treatments. Each whole plot is divided into four parts called
subplots (or split-plots), and one temperature is assigned to each. Temperature is called the

subplot treatment.

Yik = g+ ai + B+ (aB)ij + pe + (ap)ik + (By)ik + (affy)iik + €ijk

i=1,2,...,nj=12,..,p;k=1,2,...,q

where ai, j and (af)ij represent the whole plot and correspond, respectively, to replicates,
main treatments (factor A), and whole-plot error (replicates x A), and yk, (ay)ik, (By)jk, and
(apy)ijk represent the subplot and correspond, respectively, to the subplot treatment (factor B),
the replicates x B and AB interactions, and the subplot error (replicates x AB). Note that the
whole-plot error is the replicates x A interaction and the subplot error is the three-factor
interaction replicates x AB. The sums of squares for these factors are computed as in the three-

way analysis of variance without replication.

Sources of Degrees of Sum of Mean Sum Variance Ratio
Variation freedom Squares of Squares Fcal. Frab.
Replicates 2 77.55 38.78
Preparation
method (A) 2 128.39 64.2 7.08 6.94
Whol_e plot error 4 36.28 9.07
(replicates A)
Temperature (B) 3 434.08 144.69 41.94 3.49
Replicates B 6 20.67 3.45
AB 6 75.17 12.53 2.96 3.00
Subplot error
(replicates AB) 12 50.83 4.24
Total 35 822.97

8.5  Strip Plot Design

In split plot design some factor requires smaller unit as compare to other and we can
increase the precision on the factor B and factor AB such sacrifices some precision of A. in
that design the factor A is lesser importance. However, sometimes we may have factors A and

B each requiring larger units



Example: If we compare different agricultural experiments and different spacing.
Therefore, to accommodate both the factors in large units we use strip-plot design

In this design we divide each replicate (Block) into a number of rows (same as number
of levels of one factor i.e. A) and a number of columns (same as number of levels of other
factors i.e., B). The rows and columns are called strips

Let p levels of A are randomized in p rows and q levels of b in g columns of a replicate.
Here a single entire column receives a single level of B. The allocation of A and B to the rows
and columns will be a fresh for each of their replicates. Here since both factors are applied to
the strips i.e., larger plots so the main effect of A and B will have lower precision as compared
to interaction AB.
In this design there are three errors for different effects.
The ANOVA will be based on the following model:

Yajky = B+ T+ oG + (M) + By + @)y + (@B oy + (maB) ijy

Where,

Y aji D the yield of plot receiving 7 1evel of A and k™ level of b in the {“® replicates
() iy, (7B (iky» (TaB) ijiy are error which are independently normally distributed with mean
zero and variance o5 , o5 and a3 respectively.

a;, B, (aB) ) are fixed effect.

8.5.1 ANOVA Table

Sources of Degrees of Sumof | Mean Sum E(MS)

Variation freedom Squares | of Squares
Replication r—1 SSR MSR
Treatment p-1 SSA MSA o%n +qoZ + (rq/p — 1) z 7

e ]
Error | (r-D(p-1) SSE; MSE, 621 + qo%
(R x 4)
Treatment (B) | (q-1) SSB MSB 621 +poar + (rp/q
-1 z Vi

Error 11 (r-1D(g-1) SSE, MSE, 621 + PO




(RX B)

Interaction (p-1(g-1) SS(AB) MS(AB) aez,, +r/(p—1(@q—-1)
(A% B) +3) 6%
Error 1I(R X | (r-D(p-1)(q SSE; MSE; o2

AXB) -1

Total (rpq—1)

8.6 Self-Assessment Exercise

1. Define Incomplete Block Design (IBD).

2. What is the need of Split Plot in a block design?

3. What do you mean by Split Plot Design? How will you do the analysis of Split Plot Design?

4. A process engineer is testing the yield of a product manufactured on three machines. Each
machine can be operated at two power settings. Furthermore, a machine has three stations
on which the product is formed. An experiment is conducted in which each machine is tested
at both power settings, and three observations on yield are taken from each station. The runs
are made in random order, and the results are shown in below table. Analyze this
experiment, assuming that all three factors are fixed.

Station Machine-1 Machine-2 Machine-3

1 2 3 1 2 3 1 2 3
Power 341 |337 |36.2 |311 |331 |328 |329 |338 |336
Settingl [30.3 |349 [368 |[335 (347 |351 |33.0 |334 (328
316 |350 |[371 |340 |339 |343 |331 |328 |317
Power 243 | 281 |257 |241 |241 |26.0 |24.2 23.2 | 247
Setting2 [26.3 |293 |261 |250 |[251 |271 |26.1 27.4 | 22.0
271 | 286 [249 |263 |279 |239 |[253 28.0 |24.8

8.7 Summary

This unit provides an overview of the Inter-Block and Intra-Block analysis of
Incomplete Block Designs (IBD), detailed analysis of Split Plot Designs and a brief

introduction to Strip Plot Design.
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9.1 Introduction

Advanced experimental designs such as such as Dual Block Design, Lattice Design,
Cross-Over Design, Response Surface Design, Mixture Experiments etc. are sophisticated and
specialized techniques used in scientific research to efficiently investigate the effects of
multiple factors or treatments while controlling for various sources of variation.

In dual block designs, two different randomised full block designs are used together in
one experiment which helps when there are two important factors, and each has its own set of

control factors. Whereas, a linked block design is employed when the experimental units are



organized into blocks with a specific structure or pattern. In clinical studies, cross-over designs
are often used to see how different treatments affect the same group of people, often over more
than one time period. Each person in the study gets each medicine at a different time.

Lattice designs are a way to make some types of resolvable incomplete block designs.
These can be Balanced Incomplete Block (BIB) designs or Partially Balanced Incomplete
Block (PBIB) designs, but some are not. Incomplete block designs are good and helpful when
there are a lot of treatments and/or full blocks are not available or are not the right shape. Lattice
designs were first used in large-scale agricultural studies (Yates, 1936) to compare a lot of
different types of plants. Lattice designs are particularly valuable when resources are limited.

Response surface experiments are usually used in latter stages of experimentations, or
after the important factors have been found, i.e., when a small group (usually between two and
eight) of continuous factors that have been found as active are involved. It's used to show how
the relationship between the factors and the outcome is curved. It lets us determine how to set
our factors so that they have the least or most impact on a response or so that they optimize a
specific objective. The design needs at least three levels for the factors in order to predict the
curve. Because of this, reaction surface designs can get very big if the number of factors isn't
limited. The goal is to make processes work better by making a model that can predict how the
factors will affect the answer.

Mixture experiments are a type of response surface experiment. The goal of these
experiments is to find more optimal response by combining ingredients in a certain way, either
to maximize or minimize some property. For example, in construction of stainless steel, which
is made up of Fe, Cu, Cr, and Ni, the qualities of the steel depend on the amounts of each
component. The value of a factor is how much of the blend it makes up. Its value is between 0
and 1. There are at least three factors in a mixture experiment, and the sum of their amounts is
one (100%). Because of this, its experimental space is usually triangle and the shape of a

simplex.

9.2  Objectives

After going through this unit, you should be able to:

e Understand the basic concepts of Dual and Linked block designs, lattice design and cross-
over design,

e Get an overview of optimal criteria for an optimal design, robust parameter design,

e Know the concept of Response Surface Design, Weighing Design and Mixture Experiments.



9.3 Dual Block Design

A design obtained by interchanging the columns of the design by row, if the design is

D, then dual would be D'
Let d be a connected GD design
e A connected design is one which allows estimability of every treatment contrast. if you can
reach from one treatment to other through links or chain of alternate links and track.

9 — treatments, b — blocks,ry, 1, ....1,(replicates) kq,ky ... ... k,(Block size) and
incidence matrix N.

R =diag(ry, 1y ... ... 7,)

k =diag(kq, ky ... kp)

c=R— NKEDN

A design is connected iff

Rank (c) =9 -1

cz=0Q

CI=C*(11...1y=0

Rank(c) <9 -1

Let d be a connected G.D. design and let N, be the incident matrix of d, then the eigen values
of NdN:i and their multiplicities are:

Og=1k,ayp=1

0,=r—A,a=m(m-—1)

0, =rk—9,a; =m(m-—1)

a;s are multiplicities and are integers (here we observe that NdN;i is real symmetric and
hence NdN'd is positive definite and hence 6,’s should be positive)

For the GD designs, these can be classified into 3 groups

I Singular if r = A,

ii. Semi-Singular if r > Ajand rk — 91, = 0



iii. Regular if r > A; and rk > 92,

9.4 Linked Block Design

An incomplete block design is called a linked block design (LBD) if every pair of
blocks intersects in a constant number of treatments.
A square matrix A of order n = n is called completely symmetric if A = (a — B)I,, +

bJ,, for some scalars a and B .I,, is an identity matrix of ordernand j isann xn

Matrix of all ones.

a BB ... B
B o B ... B
B B B ... o

If Ay Is complete symmetric, then the eigne values of A are (a — ) with multiplicity
(n—1)and a + (n — 1) * B with multiplicity 1.

A= (a=PB)y+ B

AL, = a+ (n — p)BI,
Hence det(A) = (a — B) ™ Va + (n — 1)B

If A is complete symmetric and invertible then A~ is also complete symmetric and is given

by AV = (c— DI, +dJ,

(a+(n—2)+B) and d = B)

where ¢ = ((X—B){(OH‘(n_l)B)) (a—B){(a+(n—1)B))

Also AACD =1,

Lemma: A symmetric matrix A of order n is c.s. iff, A has only two distinct eigen values, one

of these with multiplicity (n-1) and I,, is an eigenvector corresponding to other eigen value.

Proof: Let A be a symmetric matrix of order n and let A have only two distinct eigen values
6, and 6,. Where 6, has multiplicity n-1 and 1,, is an eigen vector corresponding to 84, then

their exist an orthogonal matrix

u= (n_% 1;1) such that

I 91 0,
uAu' = (0 921n—1)



~A=uudAu'u =06,n"1, +0,P'P
=6, —0,)n"Y, + 0,1, Since {P'P =1, —n"1,}
The converse is also true because of the previous result.

For any matrix A the non-zero eigen values of AA’ and A’A are the same including the

multiplicities.

Result: Let d be a PBIBD with m(>2) associates classes and parameters
v, b, 1k, Ai,ni,p]i-j (4,j,s =12, ... m). Then d is linked block design iff NdN;i has only
two non-zero eigen values 8, = rk and 84, with respective multiplicitiesay = 1 and a; = b —

1 (N is incidence matrix of d).

Proof: Let d be a linked block design with intersection number u,

then N’d*Ng =
K n g .. U
Mok op M
[V R V R | O k

(k—wl, +uj,

Therefore, the eigen values of N'de are 6, = k—u with multiplicity b-1 and 6, = K +
(b — Du with multiplicity 1.
k = (b-1)*u is obtained by taking row sum.
Now
NyNg 14 =k+ (- Du
a{k+ (b —-Dull, = NNy,

=rNg1,

=rk1,

k+Mb-VDu=rk
Conversely; let d be a PBIBD with block size K and replication r such that Nlei has only two
non-zero eigen values 6, = rK with multiplicity 1 and 6, with multiplicity b-1.



Then NdN:i has only two non-zero eigen values 8, and 61, the multiplicity of 6,being b-1
(since N;Nd is a bxb matrix). Also, since N'dN'd 1, = 71K 1,;1, is an eigenvector
corresponding to 6.
Thus, improving the lemma, we see that N;Nd Is c.s. and is given by:

NaNg = (K = 011 + 611,
This shows that all the non-diagonal elements of N, are 6, hence ‘d’ is a linked block design.

9.5 Lattice Design

Consider a BIBD with k2 (i.e., v=k?) treatments (k is block size) arranging b =k (k+1)
blocks with k runs per block and r= k+1 replicates. Such a design is called a balanced Lattice.
An example is shown in the following table for k? = 9 treatments in 12 blocks of three runs
each.

Notice that the blocks can be grouped into sets such that each set contains a complete
replicate. The analysis of variance for the balance Lattice design proceeds like that go BIBD,
except that the S.S. for replicates is computed and removed from the S.S, for blocks replicate
will have k d.f. and blocks will have k2-1 d.f.

Table: - A 3 x 3 balanced Lattice design.

Block Replicate-1 Block Replicate-11
1 123 4 147
2 4 5 8 5 2 58
3 789 6 389
Block Replicate-111 Block Replicate-1V
7 159 10 186
8 726 11 4 2 9
9 4 8 3 12 753

Lattice Designs are frequently used in situations where there is a large number of
treatment combinations. In order to reduce the size of the design, the experimenter may resort
to partially balanced Lattices we briefly described some of these designs here. Two replicates
of a design for k? treatments in 2k blocks, (i.e., v=k?, b= 2k) of k runs each is called a simple
Lattice, e.g., consider the first two replicates of the above design. The partial balance is easily

seen, as for example treatment 2 appears in the same block with treatment 1, 3, 5, & 8, but does



not appear at all with treatment 4, 6, 7 and 9. A Lattice design with k? treatment in 3k blocks
(i.e., b = 3k) grouped into three replicates is called a triple Lattice. An example would be the
I three replicates in the above table.

A Lattice arranged in 4 replicates is called a quadruple Lattice.

There are a number of other types of Lattice design that occasionally true useful for
example the cubic Lattice design can be used for v=k3 treatments in k? blocks (i.e., b = k?) of
k runs each. A Lattice design for v=k (k+1) treatments in (k+1) blocks (i.e., b= (k+1)) of size
k is called a rectangular Lattice.

9.6 Cross-Over Design

In some cases, it is desirable to apply two or more treatments consecutively to the same
experimental unit. In dairy animal husbandry, for example, two or more feeds maybe given one
after the other to the same animal. Experiments which involve the sequential application of
several treatments to the same experimental unit are called change-over-trials.

Suppose we want to compare the effect of two treatments a and b, over time periods 1
and 2, viz, the intake of a at 1 followed by that of b at 2 (i.e., the sequence a-b) with the intake
of b at 1 followed by that of a at 2 (the sequence b-a), on a number of experimental units. When
two or more treatments are applied in sequence to the same experimental unit it is reasonable
to assume that the response to the second and subsequent treatments maybe affected by the
preceding treatments in the sequence. Such conditioning effects are called carry-over or
residual effects. The carry-over effect can be minimized or eliminated by allowing a long
enough rest period between administration of two treatments. Thus, carry-over effects may or
may not exist depending on the nature of experiment. When they exist, we assume that the
carry-over effects in any period are entirely due to the immediately preceding treatment. Thus,
if the treatments are applied in the sequence a-b-c, then at period 2 there is a carry-over effect
r. of a and at period 3 there is a carry-over effect r, of b only. Our problem is to estimate and
test the direct (z,, Tp,....) and carry-over effects (ra, rb, ...). The sum of direct effect and carry-
over effect is called permanent effect or equilibrium effect of the treatment.

Consider the simplest case of two treatments a and b used in a trial over two periods.
Each unit receives the treatments either in the sequence a-b or b-a. We divide the n
experimental units randomly into two groups of sizes ni, nz (n1+n2=n) and apply the sequence
a-b to the members of the first group and b-a to the remaining units.

The periods should be of equal length. Note that since the same unit is given both the

treatments the individual differences are eliminated in this design.



For n =6, n1 = ny = 3, the design may be as follows:

Period Units
1 2 3 4 5 6
1 a b b a b a
2 b a a b a b

Ordinarily, the same number of units is assigned to each group since it minimizes the
mean square due to error.

Let yik = value of y on the j" unit in the i sequence group at period k (k=1,2,..,
j=1,2,...nj, i=1,2). The data are shown in the following table:

Period | Treatment Data in Group-1 Sum
1 a Y111 Yior | eeeeee Y (iny1) Gn
2 b Y112 Yizz | ... Yan) | Gtz
Period | Treatment Data in Group-2 Sum
1 b Y111 Yior | eeeeee Y @2ny1) Gnu
2 a Y12 Yoo | oo Yon2 | G2

Let G1=G11— G12=G21 - G2
Dij =vyij1 —Vij2, ] = 1,2,... m
Doj = yoj1 — V2j2, ] = 1,2,... n2

2
Sum of Square due to Treatments (SSTr) = M, n=ni+n;

2nniny

Sum of Square due to Error (SSE) = %ZiZjDiZj - %G% — iG%

The treatment means are: y =y +dandy, =y — d

Where,
= _ XiXkGik _ NpG1—M4Gy
y o 2n ! d - 41’11712
_ _ nxo? _ _ n*g?
V) =V0Op) = anyng V¥a = ¥b) = 2nqin,



A modification of cross-over design is a switch-back or double-reversal design. Here,
each experimental unit receives either the treatment sequence a-b-a or the treatment sequence
b-a-b over three periods 1,2,3. Periods should be of equal length. The n units are divided at
random into two groups ni, n2 and the members of the first group receive the sequence a-b-a
and the remaining the other sequence.

Let as before yij denote the value of y on the j™ unit in the i sequence group at period
k (i=1,2;j=1,2,...ni, k=1,2,3).
Let
Gie = XiLy Yy
G; =Gy —2G +Gi3,1=1,2; k=1,2,3
D=y =2y, tVy3
Here,

2
(n2G1—n1G2)

Sum of Square due to Treatments (SSTr) =

énniny
Sum of Square due to Error (SSE) = =¥, %, D? — —G? — — G5
q &L 4) Y 6nq 1 61y 2

The treatment means are:
=_ 17]¢2 3 (n1—nz)(naG1—n1G2)
y=5- [Zi:l i1 G — oo ]
y,=ytdandy, =y — d
Where,

_ N2G1-N1Gy — N — y _ 3nxc? = =N _ 3n*c?
A== VOI=VO =7, VO = ) =5

9.7  Optimal Designs for Response Surfaces

A lot of people use the basic response surface designs because they are pretty general
and adaptable. A standard response surface design will usually work for a case where the
experimental area is either a cube or a sphere. However, there are times when an experimenter
may not think that a normal response surface design is the best option. In these situations, you
could also think about optimal structures. There are several situations where some type of

computer-generated design may be appropriate, such as:



a. Irregular Experimental Region - As long as the area of interest isn't a cube or a sphere,
normal designs might not be the best choice. It's pretty common for areas of interest to be
not straight. For instance, a researcher is looking into how a certain adhesive works. The
glue is put on two pieces, and then it cures at a high temperature. The amount of glue used
and the temperature at which it cures are the two things that matter. On a normal coded
variable scale, these two factors run from -1 to +1. The experimenter knows that if too little
glue is used and the cure temperature is too low, the parts will not stick together properly.
In terms of the coded variables, this leads to a constraint on the design variables, say:
—1.5 < x; + x,, where X1 represents the application amount of adhesive and x> represents
the temperature. Furthermore, if the temperature is too high and too much adhesive is
applied, the parts will be either damaged by heat stress or an inadequate bond will result.

Thus, there is another constraint on the factor levels: x; + x, < 1.

b. Nonstandard Model - Experimenters usually choose a first- or second-order response
surface model, knowing that this model is only close to the real process at work. But
sometimes the person doing the experiment may know something unique about the process
being studied that makes them think of a model that isn't the usual one. For example, the

model:

Yy = Bo + Bix1 + Baxy + Prax1x; + 311?5% + ,Bzzx% + ﬁuzxfxz + 311129513952 + &

c¢. Unusual Sample Size Requirements - In some cases, an experimenter may need to cut down
on the number of runs that a standard response surface plan calls for. Let's say we want to
fit a second-order model with four factors. Depending on how many center points are
chosen, the central composite plan in this case needs between 28 and 30 runs. The model,
on the other hand, only has 15 words. The experimenter will want a plan with fewer trials if
the runs cost a lot of money or take a long time. Computer-made images can be used for
this, but there are other ways to do it as well. For instance, a small composite design can be
made for four factors with 20 runs and four center points, and a hybrid design can be made
with as few as 16 runs. These options might be better than using a computer-made design

to cut down on the number of tries.

9.7.1 Design Optimality Criteria

1. D-Optimal Criterion



It is the most widely used optimality criterion, and a design is said to be D-optimal if:
1 N1
‘(X X) | is minimized. A D-optimal design minimizes the volume of the joint confidence

region on the vector of regression coefficients. A measure of the relative efficiency of design
1/p

‘(X'ZX2
, Where X1 and X2

1 to design 2 according to the D-criterion is given by D, =

(o)™

are the X matrices for the two designs and p is the number of model parameters.

2. A-Optimality Criterion

It deals with only the variances of the regression coefficients. A design is A-optimal if
it minimizes the sum of the main diagonal elements of (X’X). (This is called the trace of
(X°X)?, usually denoted tr((X’X)™1). Thus, an A-optimal design minimizes the sum of the

variances of the regression coefficients.

3. G-Optimality Criterion

Because many response surface experiments are concerned with the prediction of the
response, prediction variance criteria are of considerable practical interest. The most popular
of these is the G-optimality criterion. A design is said to be G-optimal if it minimizes the

maximum scaled prediction variance over the design region; that is, if the maximum value of

% over the design region is a minimum, where N is the number of points in the design. If

S
maxNV DI
ag

the model has p parameters, the G-efficiency of a design is just G, =

4. V-Optimality Criterion

The V-criterion considers the prediction variance at a set of points of interest in the
design region, say X1, Xz, . . ., Xm. The set of points could be the candidate set from which the
design was selected, or it could be some other collection of points that have specific meaning
to the experimenter. A design that minimizes the average prediction variance over this set of
m points is a VV-optimal design.

The D criteria are usually thought to be the best for first-order designs because they
deal with parameter estimates, which is very important for screening, which is where the first-
order model is most often used. Since the G and | criteria are prediction-based, they would

most likely be used for second-order models. This is because second-order models are often



used for optimisation, and good prediction qualities are necessary for optimisation. The |
criteria is easier to use than the G criteria, and it can be found in a number of software

programmes.

9.8 Response Surface Design

Suppose that we are interested in improving the yield of a chemical process we know
that from a result of a characterization experiment the two most important process variables
that influence the yield are operating temperature and reaction time. Suppose a process

currently runs at 145°F and 2.1 hours of reaction time producing the yield about 80%.

Contour Plot

A contour plot is a series of lines or curves that identify values of the factors for which
the response is constant. Curves for several (usually equal spaced) values of the response are
plotted. These contours are projection on the time-temperature region of cross section of the
yield surface. This surface is called “Response Surface”.

“A Response surface is a geometrical representation obtained when a response
variable is plotted as a function of one or more quantitative data (factors).”

The response surface is unknown to process personnel, so experimental method will be
required to optimize the yield with respect to time and temperature. For this, we perform a
experiment that varies in time and temperature together i.e., a factorial experiment. One we
found the region of optimum, second experimental would typically be performed. The
objective this experiment is to develop an empirical model of the process and to obtain a more
precise estimate of the optimum operating condition for time and temperature. This approach

to process optimization is called Response Surface Methodology.

9.8.1 Response Surface Methodology

The Response Surface Methodology (RSM) is a collection of mathematical and
statistical techniques useful for developing, improving and optimizing processes.
OR
The RSM s a collection of mathematical and statistical techniques that are useful for
the modeling and analysis of problems in which a response of interest is influenced by several

variable and the objective is to optimize this response.



The RSM was developed by Box and Willson (1951). It also has important application
in design development and formulating new product as well as in the improvement of existing
product design. The most extensive applications of RSM are in the industrial world,
particularly, in situations when several input variables potentially influence some performance
measure or quality characteristic of the product or process. It is typically measured on a
continuous scale. Another application of RSM; it involves more than one response. The input
variables are called Independent Variables.

In most of RSM problems, the relationship between response variable and independent
variable is unknown. So, the first step in RSM, is to find a suitable approximation for the true
relationship between response variable and independent variables. In many cases either a first
order as second order model is used.

A fixed order model is:

Y =PBo+ Prxy + Paxp oo+ Prxy + €
Where,
y = Response variable
x;s independent variable,
€ is a random error distributed as normally with mean 0 and variance 2,

By By - e B, are the parameters.

E(y) =n = Bo + Xi Bixi
And if there is a curvature (i.e., interaction relationship) in the system, then we use the second

order model which as

y =B+ X5, Bix; + Yicjek Pijxixj + €
= Bo + Xioq Bixi + Xl Bux? + Yicjek Bijxixj + €

Almost all RSM problems use one or both of these models.

To find the estimate of parameters 5, and ﬂl.j method of least square is used. The

response surface analysis is then performed using fitted surface. If the fitted surface is an
adequate approximation of the true response function; then the analysis of yield surface will be
approximately equivalent to analysis of actual system. The model parameters can be estimated
most effectively if proper experimental designs are used to collect the data. The design for

fitted response surface are called Response Surface Design.



Some Features of a desirable Designs

1.

© 0o N o g bk~ w DN

It provides a responsible distribution of data points (and hence information) throughout the
region of interest.

Allows model adequacy, including lack of fit.

Allows experiments to be performed in blocks.

Allows designs of higher order to be built up sequentially.

Provides on interval estimate of error.

Provides precise estimates of the model coefficients.

Provides a good profile of the prediction variance throughout the experimental region.
Provides responsible robustness against outliers or missing value.

Does not require a large number of runs.

10. Does not require too many levels of the independent variables.

11. Ensure the simplicity of calculation of model parameters.

9.8.2 Fitting of First Order Model

Let X1, X3, ... ... ... ..., X, denotes the v independent factors. Let x;, denotes the i" factor

level in uth combination (i=1,2,....... sv)andu = 1,2, ....,N,where N =

total treatment combinations) and let y, denotes the response obtained from the uth

combination of factors. The first order model is

yu=ﬁ0+2}/=lﬁixiu+€u cu=12,......N (1)

Where ¢, is error and distributed or normal with mean O and variance o2, i.e.,
€,~ i.i.d.N(0,0?%) .

,8;5 are the parameter and they are to be estimated by method of least squares. Let bo,b'l-s

denotes the estimates of parameter, then

Error sum of squares = 3,(y, — bo — Xl=1 bix;)’ )

Differentiating equation (2) with respect to bg, by, by, ... ... ... ... ... b, partially and equating to

zero, we get the following normal equations.

Yn-1Y, = Nbg+ by Xn_q X1y + by Xioq Xoy + - + by Th_q X2y

Z1IY=1 Xy, = bO Zuxlu + bl Zu X%u + bZ Zuxlu Xoy + 0+ bv Zuxluxvu

— ©




Zg:lxiuyu = bO Zuxiu +b1 Zuxluxiu +"'+bv Zuxiuxvu

Zuxvuyu = bo X XpuX1y + b1 Xy X X1y + - vaux?/u

Now use of simplification condition

YN Xy =0 Vi= 1,20, Vv
YN X2 =N Vi= 12, . ...,v
Y XXy =0 Vi#Ejj,i= 12, .,

Now from (3) and using simplification conditions we get,
Zu Yu= NbO

1
by =5Z0=1Y,
And,

ZuXiy, = bi Xy xizu

b, = YuXiuyy, — 2121:1xiuyu
' Suxfy N

Now the variance of these estimators are:

Var(bo) =Var (% Zu yu)

= — TuVar(y,)

1

Nz Zuo-z

Var(by) = %2 = Coefficient of ¥, y, in the expression of b,o*

And

1
Var (b) = Var (5 ) xuh)

u

1
= N2 Zu xl-quar(yu)



Var(b;) = %2 = Coefficient of ¥, ¥ x;, in the expression of b,c?

Note:

1. Covariance terms are zero as error terms are uncorrelated.

2. Plackett Busman (1946) Design can be used to fit this model along with its simplifying

conditions.

9.8.3 Rotatability

As the number of factors increases the 3" factorial become inefficient and impractical.

These experiments need a large number of observations. For example: 3°=243 and 31°=59049.
Further these designs do not give equal precession of fitted response at points (factor
level combination). Further these designs do not give equal precision for fitted response at
points (factor level combination) that are at equal distance from the center of factor space. A
design that has this property is termed as a rotatable design.

When fitting a specified response surface model, A design is rotatable if fitted model
estimates the response with equal precision at all points in the factor space that are equidistance

from the center of the design.

All 2% completely factorials are rotatable but 3* factorials are not.

9.8.4 Blocking

When using the response surface designs, it is often necessary to consider blocking to
eliminate nuisance variables. Such problem may occur when a higher order, say second-order
design is assembled sequentially from lower order, say. Such necessity arises due to various
reasons. For example, considerable time may elapse between the running of the first-order
design and the running of the supplemental experiments which are required to build up a
second-order design, and during this time, the test conditions may change which makes

necessary to use blocking.

9.85 Orthogonality

A response surface design is said to be block orthogonally if it is divided into blocks such
that block effects do not affect the parameter estimates of the response surface model. If a 2



or 2P design is used as a first-order response surface design, the center points in these designs
should be allocated among the blocks.

For a second-order design to block orthogonally, two conditions must be satisfied. If there
are n, observations in the b™ block, then these conditions are:
1. Each block must be a first-order orthogonal design; that is,

Yok XXy, =0; i#j=01,...k forallb

Where xiy and xj, are the levels of i and j" variable in the u™ run of the experiment with
Xou = 1 for all u.
2. The fraction of the total sum of squares for each variable contributed by every block must

be equal to the fraction of the total observations that occur in the block, that is:

»b X n
Z;‘flx‘z“ = Fb; i=12,.....,forallb
u=1"iu

Where, N is the number of runs in the design.

9.9  Weighing Design

A weighing design can be formally defined as, given p objects to be weighted in groups
in N weights a weighing design consists of N grouping of the p objects such that in each
grouping the p objects are made into three sets of sizes n{, n, and ny and while weighing, the
set of size nq is placed on one pan, say the left one that of size n, on the other pan and the third
of size ny is admitted from the weighing .there will thus be one weighing for each of the N
groupings.

Suppose, a chemical engineer wants to find out the weights of 5 objects:

ObjeCtS 04 0, O3 04 Os
True ObJeCt W1 Wy w3 Wy W5

We want to weigh the chemical balance (2 pans). Suppose each record weight has variance
o2. Thus, we use the standard technique to weight.
Suppose we take the 6 weighing and weight of object = weight of object including weight of
pan -weight of pan
Let Y; denotes the reading in the A object and y,, reading without any objects. Then
estimate weight of the i“" object

Wi=Y,~Y,
VW) =V(yi — ¥o) = 20
And Standard Error (S.E.) = /2. 02



Now a question arise, can we reduce this standard error?

Yates (1935), observe that when measurement are made on the sets of objects rather
than weighing them individually. The accuracy of the measurement of weights increases. In
the above example, we can weigh them in sets of n objects rather than weighing them

individually with 5 objects we have (3) ,such set viz.

wq wy w3 wy

Wq w2 w3 Ws

W1 W2 Wy Ws

wq w3 wy Ws

W2 W3 Wy Ws
wo(Weight of the pan)= y, (1)
With the above setting we have the following equation
wo+wi+wy,+wsz+wy =y, 2
wo+wi+wy+ws+ws =y, 3
wo+wy+wy+wy+ws =y, (4)
Wo+wi+wz+w,+ws=y, 5)
wo +wy + w3 +wy+ws =y, (6)

We solve this equation to get the estimate of true weights:

For w;, add equation 2) 3) 4) and 5), we get

Awy + 4w, + 3wy +ws+wa+ws) =y Yy, + Y3+,

dwo +4w; + 3wy +wy +ws +wy+we) —3wg =y, + Y, Y3+,
wo+4w; +3y. =y, +y, +y; + .

W=((y1+y2+y3+y4)—3y5—y0)/4

For w,, add equations 2), 3), 4), and 6), we get

4wy + 4w, +3(Wy + w3 +wy +ws) =y, + Y, + Y3 + Y

4wy + 4wy +3(Wy + w3 +wy +ws) — 3wy =y, + Y, + Y3+ s
wo+4w, +3y, =y, +y, +y; + .

Wa = (7, + Y, +¥3+Y5) = 3¥,—,) /4

Similarly, we get:

W3 = ((r, + Y, + Yy +Y5) =3V, —¥,) /4



Wi = (0, + Y, + 3 +¥5) =3y, —¥,) /4

&V‘//\S = ((y1+y2+y3+y4)_3y1_y0)/4
&var(w;))=(1+1+1+9+1)c?/16 = 146%/16 = 76%/8

Hoteling (1994) suggested that one can improve the weighing of the Yates techniques:

Equation will become

Wo —W1 =W, = W3 =Wy —Ws =Y, 1)
wo+wy+wy +wz+w,—ws =Yy, 2
wo+wi+wy+w3—wy+ws =y, 3
Wo+wy+w; —w3+w,+ws =Yy, 4
wo+wy—wy+w3+w,+ws=y, (5)
wo —wy+wy +wz+wy+ws =y, (6)

To get the estimates of wq,we add all those equation in which w occurs with positive sign we
get

Awyg + 4wy + 3wy +ws+wa+ws) — Wy +ws+w, +ws) =y, +y, Y3+,

Awy + 4wy +3(wg —wy +wy + w3 +wy +ws) — 3wy + 3wy + (Wg —wy —wy —ws —
Wy —Ws)—Wo+w) =y, +y,+Y3+ ),

8wy +3ys + Yo =y1+ Y2+ Y3+ s

wi= +y,+Y;+y,—¥,—3Y5)/8

Similarly, we can obtain other w;,then

v@)=14+14+1+1+1+9)0?/164 = 14/6402

And S.E.(W,) = 0v7/32 < 0 %/7/8

9.10 Mixture Experiments

In this experiment, the response depends only on the proportion of the ingredients
present the mixture and is not a function of the amount of the mixture.
Or In mixture experiments, the factors are the components or ingredients of a mixture and
consequently, their levels are not independent.

Let x; represent the proportion of i component thus x; being the proportion, we have

the constraints:



0<x;<1;i=12..
&Y x; =1

As a result, the factor space of g components reduce to a g — 1 - dimensional simplex

Sq—1 = {x = (X1, x2%3 .. Xg /2,20 and T x; =1} 1)

Another reason for blending different ingredients is to see if there exist some blends
which gives more desirable  product properties equation. In making different brands of
detergents are available one may try blending 20 more brands for well effect on cloths.

Letg = 2

s1={x=(xp,%2%3 .. /%, 20 and T x; = 1}

Graphically this can be represented as:
©.1)

X1+Xo=1

0,0 (1,0
All the points lying on x; + x, = 1 are the points of the factor space (or experimental
region)
For g = 2; the factors space is straight line.

For g = 3; ©1Q

(1,0,0)
0,0,2)
It is an equilateral triangle (thus due to the constraint }’x; = 1,the dimension of factors
space reduces by 1). We have (g — 1) dimensional simplex, hence all the sides of the simplex
will be equal.

(0,0,0,1)
For q = 4;

Q

(1,0,0,0) (0,1,0,0)



This is a tetrahedral. All the points lying on faces and inside, the tetrahedral constitute
the points of experimental region. Scheff (1958,1963) introduced designs and models for
mixture experiments. In 1958, he gave simplex lattice design and associate canonical
polynomials. in 1963, he gave simplex centroid design and associated polynomials.

9.11 Simplex Lattice Design

Simplex lattice designs are characterized by symmetrical arrangement of points with in
experimental region and a well-chosen polynomial equation to represent the response over the
entire simplex region.

The polynomial has exactly, same number of points as there are points in the simplex
lattice design. These designs consist of (‘”ﬁ‘l) points, where each component proportions
(i.e., x;) can take (m+1) equally spaced value such as x; = 0,1/m,2/m,3/m ...1;i=12...q
remaining between 0 and 1 and all possible mixture with these component proportions is used.

This design is called {g, m}simplex lattice designs.

Example-1.: {3,3} simplex lattice design

Herem =3&q =3

Therefore, the number of points =(3*371) = (§) = 10

x; =0,1/3,2/3,1and i =1,2,3

The design pts will be: (1,0,0), (0,1,0), (0,0,1),(1/3,2/3,0),(0,1/3,2/3),(1/3,0,2/3),(0,2/

3,1/3),(2/3,1/3,0),(2/3,0,1/3),(1/3,1/3,1/3)

(1,0,0)

(2/3,1/3,0) (2/3,0,1/3)

(112,213,
(1/3,1/3,1/3)

0.0.1)

0.10) (0,213,1/3) (0,1/3,213)

Example-2.: {3,2} simplex lattice design
q=3m=2

Here, number of design points (**371) = (3) = 6
x;=01/21andi= 1,23



The design points are
(1,0,0), (0,1,0), (0,0,1),(0,1/2,1/2),(1/2,1/2,0),(1/2,0,1/2)

(1,0,0),

(1/2,1/2,0) (1/2,0,1/2)

(0,1,0) 0,0,1)

(0,2/2,1/2)
The arrangement of points is symmetrical.
Canonical Polynomial

Scheffe also defined the canonical polynomials to be used with these simplex lattice
design, also known as Scheffe form of polynomials. These are obtained by modifying the usual
polynomial model in x; by using the restriction.
The equation of an m®™ degree polynomial in general is:
n=Bo+ Xy Bixi + Xl Bijxix; + Diej g BujkXixiXi + o Bd i i BijokXirXiz... Xin (1)

The number of terms (parameters) in this (last) equation is (anm) .Jbut for mixture
experiments the terms in this polynomial have meaning for us only subject to restriction x; +
Xy + X3 +xy =1

We know that the parameters 3., BU, Bl.jk ... ..., associated with the terms are not unique.
However, we may make the substitution; x, = 1 — %9 x;

For a g component mixture, an m®" degree polynomial is known as {g, m} polynomial
or canonical polynomial or canonical form of the polynomial .it has ("*ﬁ‘l) terms , this

number is equal to the number of design points associated in {q, m} simplex lattice design.
A general equation for a 1 degree polynomial

n=Bo+ XL, Bixi (2)
This equation can be rewritten as
n=BoXi_y X + Xy Bix;

= %L1(Bo + Bi )x; Since TL, x; =1
= XL Bixi 3)
{B; =B, +8)

The number of points in this model are polynomial is g which is same as the number of

design points in {q,1} simple lattice design



A general equation for a 2" degree polynomial is:
N =Bo+ Xi_, Bixi + Xi_; Bijx; x;. (4)

n=Bo+ i, Bixi + X, Bix; ?<j Bijxix;
Since X7, x; = 1,2 = x;x; = x;(1 — Zj‘.’#xj)
n=BoXx+XiBixi + XjBijxi(1 — Xjxi xp) + Xi<j BixiX;
= X1 (Bo + Bi + Bij )xi — XLy Buxi Xy xi + X Bijxix;
n =YL, Bix + XL, Bixix. (%)
Where
B = (By+ B+ B,) And B = (B, — B +B,)

This is called {qg,2} canonical polynomial or s- polynomial.

The number of terms in this model is: q + 294~ = 4(@*1)

which are equal to the number of

design points in {qg,2} simplex lattice design.
The equation (5) can be written in the homogenous form we have

— \'4 q-1 q

n= Zizlﬁi*xiziz1 X + Zi<j.3i*]xi Xj
= i 0ux? + Xicj 0jx;%;
= 2 Sijxixj

This is a quadratic k model.

Now, a 3" degree polynomial is:

n=Bo + X Bixi + i Bijxix; + Xl jar BijrcXi%; X (7
This can be rewritten as {q,3} canonical polynomial:
n =X B x + X, Bixixy + Tl o BijuXiXj X (8)

This has q(q + 1)(g + 2)/6 points, same as the number of designs in {q, 3} simplex lattice
design.
This can be rewritten as a special cubic model as:

n=XL,Bix+ Z?<j Bijxi xj. + Z?<j<k Bijixi XXy 9

This has q(q? + 5)/6, number of points (‘”{1) + () =q(q*+5)/6



German and Hinman (1962) extended this work of canonical polynomial to quartic model while
dealing with mixtures, we directly get g*. Thus:

FOI’ {3,1} 9 T] = lel + Bzxz + Bzx3(||near)

For {3,2} 2 n = B1x; + B2xz + Baxs + Braxi Xz + Pr3xyx3 + B2axzxz(quadratic)

For {3,3} 2 n = B1xy + B2xz + Baxs + Braxi Xz + PraXyxz + Basxaxs + 01221 %5 (% —

X2) + 013%1x3 (%1 — X3) + 023%%3(X2 — x3) + B123x1x2x5 (full cubic)

And special cubic model is 1 = Bix; + Baxy + Baxs + Biax1Xy + Bizxix3 + Bazxaxs +

B123%1X2X3

Any design with 7 or more design can be used to fit this model. Hence {3,3} can be
used to fit these models.

There is 1-1 error between the number of design points of a {q, m} canonical
polynomial. As a result, the points in the polynomial can be expressed as simple function of

expected response at the points {q,m} simplex lattice design.

9.12 Self-Assessment Exercise

1. The following are the results of an experiment with cross-over design. Write the model,

analyze and interpret the data.

Drug Person

1 3 5 7 9
A 20.8 30.4 20.7 29.8 13.4
B 32.4 40.8 25.9 30.6 22.0
Drug Person

2 4 6 8 10
B 50.2 40.4 60.8 75.2 30.2
A 56.2 48.3 59.8 70.4 50.4

2. What is a Response Surface Design? List any six desirable properties of a response surface
design.
3. Discuss the fitting of first order response surface model in detail.

4. Explain the concept of blocking and orthogonality in response surface designs.

9.13 Summary




This unit provides an overview of various advance block designs such as Dual and
linked block design, Lattice Designs, Cross-over designs, optimal designs, response surface

design, weighing designs and mixture experiments.
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